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Gas flow through a micro-orifice due to small pressure difference
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Abstract Rarefied gas flow through a micro-orifice connecting two reservoirs at small pressure differences
is considered in the whole range of rarefaction by the linearized BGK kinetic model equation. The problem
is computationally challenging due to the five dimensional nature of the distribution function and techniques
such as parallelization and numerical schemes of low memory requirements have been applied. Results
include the distributions of density, velocity, temperature, as well as flow rates. The independence of flow
rate in terms of the wall surface accommaodation properties is confirmed.
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1. Introduction

The problem of flow through an orifice, i.e.
a cylindrical tube of zero length, is quite
interesting for several applications. Orifices
are frequently encountered in microfluidic
networks (Aktas et al., 2001), while they also
possess the property of producing results
independent of the wall accommodation
properties (Liepmann, 1961; Sharipov and
Seleznev, 1998). Thus, the apparatus can be
realized experimentally and used as a test for
numerical methods and intermolecular
potential models.

Long channels, whose length is more than
100 times larger than its radius, have been
studied both numerically and experimentally
by several researchers (Cercignani, 1979;
Sharipov and Seleznev, 1994; Naris et al.,
2005) and for various geometries (Naris and
Valougeorgis, 2008; Breyannis et al., 2008;
Graur and Sharipov, 2007; Pantazis et al.,
2010; Varoutis et al., 2009a). However, short
channels are much more difficult to consider.
This is attributed to the five- or six-
dimensional nature of the distribution function
and the fact that the complete flow field, along
with a part of the upstream/downstream
vessels, must be included in the simulations.

Since the usual Navier-Stokes formulation
is not applicable in the microscale, the most
wide-spread approaches for dealing with

rarefied gases are based on Monte Carlo
methods, such as the DSMC (Bird, 1994). For
large pressure differences and in the whole
range of the Knudsen number, DSMC is very
often used due to its simplicity and the ability
to correctly describe highly non-equilibrium
flows with good computational efficiency. For
this reason, it has already been applied not
only in the case of orifice flow (Sharipov,
2004; Alexeenko et al., 2001; Taniguchi et al.,
1996) but also for channels of non-zero length
(Varoutis et al., 2009b; Sazhin, 2009).

However, in the low pressure difference
regime, this method converges very slowly
due to the increased statistical noise and the
computational time becomes prohibitive.
Remedies for this kind of difficulties exist
(Hadjiconstantinou and Baker, 2008) but they
are not so easily implemented. In this regime,
the numerical solution of linearized kinetic
model equations is traditionally applied. The
linearization leads to a system of equations
with a well established mathematical
background, providing very accurate results
for slow flows. It has also been found in other
configurations (Pantazis and Valougeorgis,
2010) that linearized results may also be valid
in a wider range of conditions than expected
by the strict mathematical limits.

The kinetic model equations have been
discretized in the 2D physical and 3D
molecular velocity space, employing the



Discrete  Velocity Method (DVM). The
numerical code is parallelized in the molecular
velocity space and memory requirements are
drastically reduced by adjusting the storage
scheme of the distribution function according
to the numerical marching algorithm. A non-
uniform grid is applied in physical space, in
order to capture large gradients of the
macroscopic quantities. Results are provided
for the macroscopic quantities, such as number
density, temperature and velocity but also for
flow rates. Furthermore, a comparison with
DSMC data is given.

2. Formulation

Consider two containers maintained at
slightly  different  pressures (R, +AP
upstream, P, downstream), connected by an

orifice of radius R through which the
rarefied gas flows, as seen in Fig. 1. Both
containers are kept at a constant temperature
T, . The steady state BGK kinetic model
equation may be applied here
of &, of of M

o fae+§*a>2_v(f f) o
where f is the radial coordinate (0<f<R
in the orifice), £=(¢.&,.4) is the
molecular velocity vector, @ is the angle of
the molecular velocity in the F—9 plane
(0<@<2x), f is the unknown distribution
function, v is the collision frequency and
f™ is the Maxwellian distribution of particles.

Due to the small relative size of the
pressure difference (AP/P,<«1) , the

distribution function may be linearized as

AP
f=f, [1+ h?] @)

0
where f, is a Maxwellian distribution at the
reference conditions. Our purpose is to
calculate the perturbation of the distribution
function h=h(%,%,¢.&,.&).
For reasons of convenience and generality,

all quantities are expressed in dimensionless
form according to the following expressions:
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with v, being the most probable molecular
velocity and k; is the Boltzmann constant.
The macroscopic quantities (r,x) may be
found by calculating their perturbation
¢(r,x) from the reference quantities
according to the expression

¢(r,x)=—l//(r’;2 Wo%- @)
For practical applications, we are interested in
the number density

p=p w=n y,=n (%)
the temperature

p=1, w=T,y,=T, (6)
the pressure

$=P, v =Py, =R, Y
and the bulk velocity vector

p=u, =0, y,=0 (8)

The right container conditions are taken as
reference quantities. The degree of rarefaction
is described by the rarefaction parametero ,
defined here as
RP 1
N 9)
Hv,  Kn
with 4z, being the gas viscosity at reference
temperature T,. This parameter is inversely

proportional to the Knudsen number.
As a final step, the molecular velocity

vector c=(c,,C,c,) is transformed to

S=

cylindrical coordinates c=(cp,6?,cx). The

components of the molecular velocity are
shown in Fig. 2 and are more appropriate for
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Figure 2: Molecular velocity coordinate system

the current problem. Thus, the final equation is

oh CS|n98h+ oh

C,C0860—— C,
or r o6 X

=5[,0+r(cz—§j+2c-u}

The macroscopic quantity perturbations are
expressed in terms of the perturbation h by

0 27 ®©

jjjhc edc,dode,  (11)

-0 0 0

u, 1,2 wzfifh(c cost)c,e * dc,dédc, (12)
R 00

+5h=
(10)

3/2

p

0

u, =% T 2thcxcpe°zolcpo| odc, (13)
-0 0 0
7 TTTh( ¢’ - jc e dc dadc, (14)
0 0 0

The formulation is completed by providing
the boundary conditions. Molecules entering
from the free surfaces (A),(B),(E),(F) (as
shown in Fig. 1) conform to a Maxwellian
distribution according to the conditions of the
corresponding boundary. At the boundary
surfaces (A),(B),we have n=n,+An, T =T,
and (=0 and therefore the perturbation
from the equilibrium distribution is

h;,B = /Din :1 (15)
Similarly, it is found that in the downstream
free surfaces (E),(F) the perturbation of the
incoming distribution is
hE,F =0 (16)
For the walls (C),(D), diffuse-specular
boundary conditions are imposed

heo =apep +(1_a)hE,D (17)
where h., is the appropriate impinging
component in the specular direction. The
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constants  p., are found using the

=0) and the
macroscopic velocity integrals (12) and (13).
Finally, at the surface (G), coinciding with the
axis of symmetry (r=0), molecules are

reflected specularly, i.e.
h(c,.0.¢)=hg(c,.7-0c,)  (18)
where 0e[0,z/2].
The most important quantity for the
practical applications is the mass flow rate
through the channel, which is non-

dimensionalized by the analytical solution for
flow through an orifice under free molecular

conditions (& =0). This solution can be easily

extracted by the method of characteristics and
yields

impermeability condition (u

normal

MFM = RZ\/;A_P (19)
Yy
The dimensionless flow rate W isequal to
W = = 4/7G (20)
FM
where
1
G|, =Jux(r,x)rdr (21)
0

is the reduced flow rate.

3. Numerical scheme

The numerical scheme is based on the
Discrete Velocity Method for the treatment of
the molecular velocity space. The continuum
spectrum of the molecular velocity magnitudes
c, and c, is discretized by the Legendre

p
polynomial roots mapped in [Oc, ] and
[0.c,..] respectively, while the molecular
velocity angles are uniformly distributed in
[0,7] due to the axisymmetrical properties of

the flow. The solution is obtained by an
iterative procedure, where the main unknown
is the distribution function h. At first, an
assumption is made for the macroscopic
quantity perturbations. This estimation is used
in combination with the governing equation
(10) to calculate the value of the distribution
function h . The distribution function is



further used to generate new values for the
bulk quantities via the corresponding moments
(11)-(14). These quantities are re-used in the
governing equation to obtain new estimates for
h and this procedure is repeated until a
proper convergence criterion, imposed on the
bulk quantities, is satisfied. A second order
finite volume scheme has been applied here,
derived in the same way as in (Pantazis and
Valougeorgis, 2010) by integrating the
governing equation in r,@,x in an arbitrary
discretization interval, acting in both parts of
(10) with the operator
AG A

2

AX
PR AR

A= j j j(-)drdedx (22)

AX A6, Ar
0 e

Then, all integrations can either be carried out
analytically or substituted by the trapezoidal
rule, causing the second-order error. We also

substitute cos¢; = (cosd,., +c0s6, ,,)/ 2 and

Sing; =(ing,, +sind, ,,)/2  since  the

J

expression cos[(ﬂw2 —491._1,2)/2] =1 is a
very good approximation for small A®,. The

final discretized equation does not appear here
due to its size, but is given in (Pantazis,
2011).This expression is applied for any
interval, regardless of the grid distances Ar,

Ax, and the angle discretization A#, and is

also usable as r — 0 after the application of
the [I'Hospital rule on the indeterminate
fractions.

The computational effort can be distributed
in several processors by noticing that the
distribution functions of different velocity
magnitudes can be calculated independently
from one another. As a result, the code can be
easily parallelized in the molecular velocity
space. Each processor solves the Kinetic
equation for a group of velocities and
information on macroscopic quantities and
impermeability  constants is  exchanged
between the processors at the end of each
iteration. In this manner, the transmition of the
distribution is circumvented, greatly reducing
the cost of parallel communication.
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Table 1: Computational parameters

Minimum Ax, = Ar, 1.6x10°
Grid parameter 7 0.01
Discrete angles in [0,7] 100
Discrete magnitudes c,, c, 16x16
Max. magnitude ¢, ... C 5
Convergence criterion per node 10

Memory handling techniques have also
been used to reduce storage requirements due
to the five dimensional nature of the
distribution  function for this problem
(Pantazis, 2011). Due to the velocity
magnitude independency, a temporary array
can be allocated and overwritten after treating
each magnitude. Also, the dimensionality of
this array is reduced even more by storing the
distribution only in the parts of the domain
required by the marching scheme of the
discretized governing equation. For example,
for motion towards the positive x direction,
the distribution is stored only at positions x
and x—Ax. These techniques permit having a
two-dimensional array for the distribution
function and greatly reduce memory
limitations. In this manner, large size domains
can be considered, since the size of the
distribution array is only determined by the
height of the entrance/exit regions and the
number of the molecular velocity angles.

The discretization parameters used are
displayed in Table 1. The computational grid
is non-uniform, with particular emphasis on
the accuracy near the corners. The grid
distances varied in the range x>0 according

to Ax =(1+7)Ax_, and similarly for other

directions in both r,x as we move away from

the corner. For the results shown here, there
are 200 nodes in the first unit length around
the corners and the total number in the whole

domain is up to 10°. The average residual per
computational node has been chosen as the
convergence criterion.

It is well known (Hasegawa and Sone,
1990) that the upstream/downstream regions
must be quite large, since the mass
conservation law indicates that the




macroscopic  quantities converge to the
uniform container values at a very high
distance from the tube. Therefore, container
regions of size Ly, =Ly, ranging from 15R

to 50R were used, after verifying that results
do not change for larger values by
parameterization runs.

The fulfillment of the mass conservation
principle

16(ru,) Lo, 23)

r or OX
was examined by calculating the left hand side
of (21) in the whole field, where it was shown
that all values are very close to zero.
Furthermore, the flow rate (18) was calculated
for all cases in several positions and it was
found to be constant in at least three
significant figures.

4. Results

Numerical results include quantities of
practical interest, such as the flow rate,
streamlines and contours for the most
important  macroscopic  quantities.  The
dimensionless flow rate W obtained by the
current linearized formulation is shown in the
third column of Table 2 (denoted as “Lin.
DVM”) for a wide range of the rarefaction
parameter. The flow rate increases
monotonically and very steeply in the region
of high o6 . Furthermore, the same Table
includes directly comparable flow rate values
given by the non-linear BGK model and the
Discrete Velocity Method for P, =0.9

out
(Pantazis, 2011), as well as the corresponding
DSMC results (Sharipov, 2004) for the same
pressure ratio. The flow rate values for the
non-linear formulations have been properly
adeSted by WLin :WNL/DSMC /(1_ I:%but / I:?n) tO
correspond to each other. It is seen that a very
good agreement is found with the non-linear
BGK model for all values of & tested here,
with a maximum difference of 2.3%. This is
another confirmation of the validity of the
current results. Furthermore, it is an indication
that the linearized formulation is valid for a
range of pressure differences larger than it was
initially expected (AP /P, =0.1 while the
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Table 2: Flow rate W for diffuse reflection

Lin. DVM | NL DVM | DSMC
0 0.999 1.00 -
0.01 1.00 1.00 -
0.1 1.04 1.05 1.03
s .05 1.19 1.21 -
1 1.37 1.40 1.30
2 1.72 1.76 -
5 2.77 2.80 -
10 4.35 4.32 4.02

linearization condition is that AP/P, «1).

The DSMC method produces significantly
smaller flow rates for large o values. A part
of this deviation may be attributed to the use
of the BGK model, but from previous studies
discussed in (Sharipov and Seleznev, 1998)
this is not expected to cause such large
differences for small pressure differences.
Since the statistical noise is very strong for
this pressure ratio and especially for the large
o case, we may infer that the discrepancy is
probably due to numerical and computational
limitations of DSMC. Furthermore, the
significantly smaller size of upstream and
downstream regions in (Sharipov, 2004)
(L = Liige =8R) may have also influenced

the results. In any case, since the orifice is a
highly non-linear case, it can be assumed that
a lower deviation is to be expected for longer
channels.

The flow rate increases monotonically
along with the rarefaction parameter. The
Knudsen minimum is not observed at all for
the orifice case, as confirmed by previous
studies. This seems reasonable, if we consider
that the minimum occurs because of the
molecular beaming phenomenon, which can
not appear for short tubes or orifices.

Table 3: Flow rate W for incomplete accommodation

a 05| 08

0 |1.00|0.999

S 0.1]1.04| 1.04
1 |1.37| 1.37

10 | 4.35| 4.35
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Figure 3: Perturbation of number density for 5 =1.
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Figure 4: Perturbation of axial velocity for 5=1.

Figure 5: Streamlines for §=1.
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Figure 7: Perturbation of pressure for ¢ =1.
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Figure 8: Perturbation of number density for §=10.
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Figure 12: Perturbation of pressure for 6 =10.



Indicative  results  for  incomplete
accommodation are also presented in Table 3.
It is seen that at all cases considered here, the
flow rate remains nearly constant and
independent of the accommodation coefficient.
This is a very significant property of this flow,
making it an ideal experimental setup for
comparison with experimental data in order to
study the behaviour and quality of the models,
the numerical scheme, or even the
experimental apparatus itself.

Macroscopic variable perturbation fields
are also presented in Figs. 4-8 for 6 =1 and
in Figs. 9-13 for 6 =10. In every case, the
fields display symmetrical properties in the
whole range of rarefaction due to the small
pressure difference, resulting to a very low
Reynolds number. The density field varies
between the equilibrium values of the two
containers, while a much larger area of the
containers is affected at large value of &. The
axial velocity also increases as oJ is
increased. Streamlines are practically identical
for the two cases. The temperature
perturbation is nearly zero for o6=1 but
obtains non-negligible values for 6=10. Its
form is justified if we consider that the
pressure perturbation is given by p=p+7.

Thus, the temperature isolines have a similar
form to the corresponding ones for density and
as a result, the pressure perturbation obtains
the well known form, given in Figs. 8 and 13.
In future work, the BGK model may be
replaced by the ES or S kinetic models to
examine for possible effects of the temperature
perturbation.
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