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yreserving internolation problems, Data Xi,fi),izl,‘..,n,

is given which satisfies monotonic and/or convey, constraints,

1} is then sovght, pilecewise defined on

o 1
A funciion s€C &i’%l

the partition 2 < x2<.u<x , which prescrves the shape of the data

. . 1 . ) . .
anc¢ is such that C(/ ES s (xi)=d , 1=1ly4..,0n. The dorivative

@ P
o

virzmetors nust sati=iy n

‘shaoe constraints,

The thesis begins vith a review of existing wothods which attenpt

shape-preserving interpolation preblem, In the

o

renainder ¢f the thesis, new nethods are studied basced on the

use of plecewise deiilned raticnal funciionz, It iz shown that

piecewige rational cuacratic rfunction nolwes the neonctionic

cxpected

oo

intervolation problem, An accurate crror bound con bo

for o zooa choico of the derivative oorameters, Talc choico is

conzidered in deleail cnd dncludes a €7 rational o»line apnroach.

Here, =mccond dorivative continuity consiralnte give rilsc

yotea of non-lincar equations, the sclution and proportics of

&)

wvhich are studica in dotadl,

A pgeneralisation of the piccowise rational quadratic form te cubic

form is then considered, The cublc, in cach interval “. 4,]d"i nads

on a paraavier Ty It degencrates to the roetional quairatic for

one choice of r,, It i: shown that another cheice of ry sives an
i

ccecurate solution 5o the convex interpolation problem, Fiaally, the
convex case

C™ rational cubic spline therry corrssronding te this
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NOTATICON

The following notation will be adopted and achered to

throushout the present work, (See Figure 0.1)
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.

111 ={X1’X2”"’Xn} a partition of I :[xl,xn]cR
1oes X $¥X <a. XX

i th subinterval of I

3

Ty=0x %5 40d

. ¢+ data value at =z,
i i
(Xi,fi) is a data point (i=l,...,n)

h,= x, . -x. :+ length of I,

i fia = 1
h = nmax{h.}

l .
Aizéi 1417 (fi+l—fi)/hi: chord slope joining points 'i' and 'i+li!
3

A. =A, .= -1, .-%.): chord slope joining points 'it and 'j?
i (fJ fl»(xJ Xl) 0 ve J f

Cr[xl,xn] : class of functions with continuocus r th
derivatives on I,

s: IR : interpolant under consideration, with
s(xi): fi (i=1,...,n)

d.= 5Clkx ) : derivative of s at x5, 1.¢. s'(xi)



P

6= (x-x.)/h, : for »el. ; O¢<6¢1
i i i
f: IR "~ ¢ a function of given continuity class

1 2 .
fi ), fi ) first, '‘second derivatives of f at x,,

e, £1(x;),1(x,).

A (1)
i di fi
Irlt = IIE‘Hw : the uniform norm of F, i,e.
max{|F(x)l: xe 1)} .
Remark

Attention should be dravn especieolly to the convention

regarding the labelling of data voints, The first and

l?st are (xl,fl), (Xn,fn). There are (n-1) subintervals,

A

sunporting chord slovnes A .e
°p > e A T

of lengths hl""’hn—l’

An interpolant to the data has end slopes dl,dn.
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Chapter 1

INTRODUCTION

1.1 Introduction to Rational Intcrwnolation

The subject of these investigations is the determination of
interpolants which preserve the monotenic and/or convex
shape of a given set of data, This will be achieved by means

of piecewise defined rational functions (that is, ratios of

polynomials), This section introduces the reader to that notion.

Data will be supplied in the form of a set of points (xi,fi),
.i=l,2,...,n, with n2 3 and AT ACERE S The voalues fi are
assumed to be not prone to error, even if they are the result of
experiment, and the data will be
either (a) monotonic increasing (decreasing)
or (b) convex (concave)

or both, A definition of these terms is given below,

On the cleosed interval [kl,xn], a functicn s will be defined

in the following manner:
(1) In an arbitrary subinterval [xi,xi+l], s(x) is a rational

function of the form specified in (iii) below with

s(xi)z fi y s(xi+l)= £ e

C s e a

(ii) s(;) is continuous, and s(l)(xi)z di i+l 541

where di’ di+l are derivative values to be cstimated.

Thus, the function c¢€ Cl[xl,xn]; it consists of a union of
rational polynomial pieces, it interpolates the cata and at the
points Xi its derivative takes the values di’ In a given problen,
these derivatives di can be estimated by a variety of explicit
finite difference formulae, but other settingsfor them may be

achieved by implicit methods, which will include iteration.



-
the form of s

(iii) 1In a rewrcsentative interval [} 3% 91

vill be taken as

N
> () N-k,_ _ |k
s(x) = 520 %% (X q=%)" " (x-x,)
- N (1) N-k k ?
b (%, . =x) (x~x.)
¥=0 k i+l i

where N= 2, N= 3 for rational quadratic, rational cubic

interpolation, respectively,
i i , s N .
The cocfficients a( ), bé ) are non-zero and depend on the 1 th

interval. The denonminator in s(x) is not 2llowed to assume zexo

or negative values. For a symmetrical form of s, we shall set

i . . . .
é ) bél)_ 1. Then the interpolation problen requires that
a(i)z f., °(i)= f. .. Reualning coefficients are determined ironm
) i’ W i+l
further conditions on s, for instance from the requirenents (ii)

abvove,

Consider the case of a rational quadratic internolant (MN=2).

In[xl,m1+l],

fi(xi+l—x) Foay <hi+l =3 (x=x, )+ f1+1(x~xi)’
s(x) .
o2 0D s 2
(Li+l—x) + bl (> el >)(A—xi)+(z—xi)

We make the substitutions
K= Xi + Ghi s hi: Xi+1— Xi .
Phen
s(x) = s(x;+6h;) = 5(6) , where
2

2, (1)
£f.(1-8)"+ a 6(1-8) + f. ,.€
i ) 1 i+l 0o<ogl .

5(8)= : )
(1-9)2+ bil)9(1-9)+ 6“

i . . .
b{ )3 O is sufficient to ensure that the dencuinator remains of

constant (positive) sign., In calculations, it is simpler to usc

(1) and S(l) are related

the representstion $(6)., Thus, since s
Zh._ils(l> (l) -

by s(l)( ¥) = 13(1)(9), we have d = h S(l)(o) nd di+l



In treating rational cubic inteorpolation (h=3%) similar

considerations will apply.

Parts of this thesis hove appeared in the literature.{(References

C?J, (141} oOther parts have been/will be submitted for publication
(References [8],[9), [10]). We will show in this thesis that ‘
rational quacdratic interpolation is appronriate in general for

data which is iionotonic. We will also show that the rational

quadratic is a special case of rational cubic interpclation and
this generalisazation allows us to deal with convex data,

In Chapter 2, we will review some of the existing methods of

interwolation. These do not use rationsl functions, and most are

eserving interwnolants

~concerned with the construction of shape-prese

using quadratic and cubic polynonials.

We end this section by defining the terms 'monotornic! and 'convext:

Definpition 1,1,1

The data (Xj’fi)’ i=l,...,n is strictly monotonic increasing

if and only if
fl<i‘2<...<fn

(equivalently, Al’AZ""”éh—l> 0 , where Ai:(fi+l~fi)/hi e

Definition 1.1.2

The data (xi,fi), i=l,...,n 1is strictly convex if and only if

A1<A2< "'<An-l .

Definitions of 'strictly monotonic decreasing! and strictly concave!

can he stated by reversing the incquality cigns. The qualification

tstrictly' will not apply in either definition if '<' is repluced

by *< ' in the sequence of inequalitices.



1.2 Monotonic =nd Convax DATA scts used

The DATA sects employed in our experiments on rational inter-

polation arc licsted below., Most are practical sets considercd

by a number of authors. They are all either monotonic increasing

or convex, In fact, there is no essential (Lheore;ical) difference
“betveen increasing and d@éroasing data, or bhetween convex and
concave data,

The sets will be spbdivided into three categories; those which
are (a) wonotonic, but not convex: labelled M

(b) nmnmonotonic and convex: labelled MG

and (c) convex but not monotonic: labcelled C.

(M1) [AKTiA,'70] [FRITSCH % CARLSOH, '801]

xjo 2 32 5 6 8 9 11 12 1 15

f ,lO 10 10 10 10 10 10.5 15 50 60 85

(42) [BURDEN, FAIRES & REVEOLDS,'78]

x (Year) 1920 1830 1940 1950 1860 1670
f (Popultn
of U.S.4. in]105.711 123.203 131.669 150,697 179.%2% 203.212
millions)

(M3) [PRUESS,'79]
x| 22 22.5 22,6 22.7 22.8 22.9 23 23.1 23.2 23.3 23,1 23.5 24
fl523 543 550 557 565 575

[

590 620 860 915 944 958 986

(M4) [FRITSCH & CARLSQI, ' 80]

12 15 20

-

x[7.99 8.09 8.19 8.7 9.2 10 v

fl 0 .0000276429 0437498 169133 469428 943740 .998636 .999919 . 99554

YAt g

e e

i
i
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(M5) The ilormal distribution funcition
[ S

X
(x)= -+ j ~t%/2
v (2m -me dt
X l -l -3 -2 -1 0 1 2 3 L

(MCL) McALLISTER,PASSOW & ROULIER,'77

x [ -2 -1 -3 -2

029 1. 1.1 25

f(x)= l/X2

(MC2) Exoonential Test function

f(x) = exp x ; demain [0,1].
d, =1, d = e . Equal intervals, h,
(i) h= .2 (n=06) (ii) h= .1 (n=11)

(iii)h= .05 (n=21) (iv) h= ,025 (n=41).

(MC3) oQuarter Circle

Seven points (Xr’fr)’ ecually spaced over a quarter circle

X .= sin{f%(r—l)} s fr: 1~ cos{f%(r»l)j s T=),2,000y7

(CL) Half Circle

Thirteen points (xr,fr) equally spaced over a half circle:

X = =

r= cos{f%(r—l)) s fr = 1 - sié{f%(r-l)} 1r=1,25000513.
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Chanter 2

A REVIEW OF SQHE INUERPOLATICH METHODS

Many situations in practice present interpolation problems to

desirable to obtain intervolation

4]

be solved, ¥or these, it i
functions which refiect global preperties of the givai set of
interpolation points, bften, for instence, there are danmands
that monotonic or/and convex data produce also a monotonic or/
and convex internclant, For most interpolatiun methods these
denands can be fulfilled only in special casces., As an exumple,
wvhen cubic interwolation spline schemes are used, it is vell-
xnown that unexpected oscillations may be produced in specific
cases, There is thus o special neced Tor shape preserving
interpolation wmethods,

Shape prescrving spline internolation nethods have been proposed
by scveral suthors recently. See refcrences [13], [15], [17] ,
[19], [20},[2L], in particular. The methods werc devised to
produce internolatory splines preserving properties such as
monotonicity or convevity that arc present in the data., Sone
of the methods solve the problem by adding, where nccessary,
spline knots between interpolation pointe in such a way that the
nunber of free parameters are crough lo guarantee the existence

of the solution. However, the exact positions of the additional

knots are unknown a priori.

In this section we review a sélection of interpolation methods
which attempt to preserve the shape of the dota, If
details on these arc reguired, they may be found in tne briginal
refecrcnces,

5 we must agree

To facilitate comparisons between differcent method:

on a common notation, and we shall uce the onc we adopted at the

outcet, .
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2.1 Aikine's nethod

This method (see [l] ) can boe apolied to arbitrary data (xi,fiL
The interpolant is constructed using piccewise defined cubics,
At the Lnots X5 the derivatives di are calculated explicitly,
and are set as follows:
At the end points X19%
= A -
dl Al +hl( 1 A2)/(hl+h2) ,
4 :An—l+ hn-—l(An-—l'%—2)/(hn--l+hn-2) d
.At the'next-to-endt! points X5 ¥, 1
= A -1 1
d2 (hl > 4h2Al)/(§l+k2) s
dn--l= (hn—lAn—Z +”n—ZAn-l)/(hn—l+hn—2) *

At the interior points corresponding to i=3,...,0-2,

A

di=(4, | , if A .= 4,

1(a

A i A =4, < i . =4,
: -1 + i)’ 1I i-2 A:L--l anc AZL A1+l

N By A T )

i+l
lA

otherwise

)

141 “A1] 1A -4 )

d d_ as ordinary

We recoghnise the formulac for dl’da’ n-1 9y

3-point difference apnroxinations. The formulae for dj, 1=3,40ayli=2
are motivated by ccnsideration of a series of diagrams which
illustrate different possibilities that might arise in the

data, FExprcssiens for di are weighted averages ensuring that

min{Ai_l,Ai}s d; £ max{Ai_l,Ai} .

Once the derivatives di are set, the Hermite cubic nolynonmials

can be constructed, On an arbitrary interval [Xi,xi+lj,(i=1,...n—l)

the cubic is

- -1 2.2 . 33
(%)= £+ ai(x-xi) + hy (BAi—Zdi—di+1)(h~xi) +h (di+di+l _Ai)(x Xi) .

93]
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The resulting interpolant is usually a ttisht' curve and
unwanted inflexions are rarely sroduced, Hewever, we nust
renaerk that the method is not specifically dezmigned to reflect
pronerties of monotoniclity or convexity present in the data.
It is in the nature of the method that the accuracy of the
interpolant canuot be stated, Further, sccond derivative

discontinuities wmay somctimes be large.

2,2 Schweikertts tension snline

This spline (sce [20] ) cvercomes the problem created by the

production of unnecessary inflexion points, The splinc mcthod,

of its later variants, can be awplied to monoteonic data

~or some
'to produce a monotonic interpolant,
‘The tension spline,s(x), satisfies s(xi)zfi,i:l,...,n in
addition to the conditions that
S(Z)(X)—OZS(X)
is continucus in [xl;xn] and lincar on ecach interval[xi,xi+l],
av

i=1l,...,n-1, Thc factor ¢ is a noa-zero tension paramcter,

.

The larser 0 is taken the ttighter' will be the fit to the data

and 2s o-»® s(x) approaches a piecewise lincar {it,

When the relevant differcntial equations are solved ve obtain,

S(Z)(Xi+]) sinh{a(e-x, )}

e

s(z)(xi) sinh{v(xi+l-xﬁ

s(x)= . .
02 sinh vhi cr2 sinh Uhi
(2) i (2), §
L T e R S C UL S v D B
i+l
1 > h 2 I,
af : i i

. . (2) v i ;
The unknovn sccond derivatives s (x,) arc obtained by

. 1 o
differcntiating this equation and natching s( )(x) at the end

points of intcrvals, This leads to 2 tridingonal system of

linear equations to be solved:



-]l

. (2) L2) - (2)
ei—l“ (xi_l)+(ci_l+ci)b (xi)+eiu (Xi+l):Ai—Ai—l ,

i=2,..-,ﬁ~l ]

shere e, = k¢ :
u}lble ei - 0-( o-h' - Sj_llll U}l- ) ?
4 1
c, = & coshoh; 1
3 e Tl
sinh ohi 1

If the 3-point quedratic zpproximations for the end derivatives

hen as end

ctr

are used (as, for instance, in Akina's mcthod),
equations we can use

CIS(Z)(Xl) + 016(2)(}{2) = hl(AZ-Al)/(hl"‘hz) ’

: (2) 2y, .
cn--lS (Xn-l) +cn~l” (kn) . hn-l(An—lnAn—Z)/(“n~l+hn-2)'

- The complcte tridiagonal system for the s(z)(xi),izl,...,n

can then be solved in the standard manner,

It follows that the form of s(x) in any interval is then known
and s(x) can be constructed. We note that, becausze of the
involvement of hyperbolic functions, the computational sinplicity
Alzo we must note that the results

of cubic polynomials is lost,

depend on the choice of o,

s

2.3 Fritsch, Carlson znd Butland methods

Fritsch and Carlson, in their 1980 paper (sece [131 ), consider
monotonic increasing data and examine the conditions under which

an interpolant constructed using piecewise defined cubics can also
be monotonic increasing. These conditions involve choosing the

derivatives d. so that certain inequalities are satisfied,
i

The Fritsch and Carlson analysis is made by a study of various

. (1) (2 (.
cases. The quadratic and lincar expressions for s (x) and s (x),
respectively, in a representative interval [xi,xi+ﬂ lead to the
necesary and sufficient conditiouns,

7 = i herwis i = we nust set
We assune Ai> 0 in [xi,xi+l] . Otherwise, if Al 0, 3
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d.:d, = ’ "he o a " the in f.\"',
15447 = 0 at the ends of the interval,
Necessary conditions for a monotonic interpolant din [Xi’xi41]

are d; 20, d, 0.

1+l>
Sufficient conditions are best described using the variebles
u.._. d.. A. .= . ) 3
i 1/ i? pl d1+l/Al
A detailed analysis shows that these arc separasble into 3 scots
of posszibilities:
a) o, +p, =2¢
(2) oy+p -2<0
. . - c;d 2 .+ . haed ( a~.‘*”I ."‘—’
(b) o 46, 2> 0 and( ;B %<0 or L+ B 3<0 )
c+p. =2 and (20, +p. -3 » nd o, 420, ~ and
(c) o +p; >0 ( Jtp =370 and &y p13>0

wp 9By +hy ~6oq ~6p; + 90 ).
These sets of inequalities have a simple pictorial interpretation,
An ®-p diegram 1ls drawn as in Figure 2.3.1. We scc that the pair
(ui,pi) riust lie within the shaded region M if the interpelant

in the interval [ki,xi+dlis to be monotonic.

gide the ¢Wipse
atsrapp - 6x-6price

FiE’oZOBolo

Each interval gives rise to a pair (Ui,ﬂi), but we note that

. B . ~ Vel 3 e} ( = A.
consecutive puairs are rclated, since O 4= pi(Ai/ 141’



By reducing systemstically all the derivatives d.(i=1,...,n)

i °°
1t is clear that 2ll voints (Ni,gi) will enter the nonotonicily
region M, In one of the schenes, the authors sugsest working

with the subregion of M given by
. . , 2, .2 %
S = {(%,p,):04,8,5 0, (aJ+ p7) <3},
After an initialisation of velues, the final pairs (u.,p}) are
i3

adjusted so as to fall in 8, or on its beoundary.

Another suggestion still isto use the square subresion of M

defined by
[(og,p): 0®,< 3, Ugp, <3}
in place of S,

Butlandis modification of this procedurec {see [5] ) is to sot

the di dircctly. At interior points i= 2,...,n-1 the values are

taken as

G o_x L 1-x CA 10 A7 00)
A T TR
-1 i
where o = L (1+ Ji )
2 By a0y

W2 note that, since l/3<0&<2/% , we will have Og di//.\i 1 < %

and Os»di/Ai<_5 , and so monotonicity will be gusranteed,

The rritsch-Carlson-Butland formula, Lo be found in [12] ’

is similar, except that o is treated as & parameter with 1/3 s & g1,

The value w= 1/5 seems to give good interpolants,

Also, the value &= 1/2 in the case of equal intervals gives
Butland's settings..

Renark

The Fritsch-Carlson procedurc which employs subrcgion S will be

used to test some of the data, and the graphs obtained can then

be compared with those given by our pieceuisc rational scheunes,

made in Chapter 3, but at the end of the

The first comparisons are
FEa

nresent chapter we show for the data the Fritsch-Carlson curvens,

a rciercnce in all OoUr cComparisons.

which we take as
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cunics

2.4 Bllis rnd McLain's internolatory

The nethod proposed in RBllis & MeLzin [11] in a local onc
sinilar to Akima's in its object, but offering sonc practical
adventoges because it is algebraic and not desicned fron

conglderations of geomeotry.

The authors show how to construct o € diuternolant turough the

IS

niecewise defined cublcs, A gradient ot an dinterior

data using

point X i=%,...,n-2, is celculated os follows, The cuhbic

polynouial through (xi__, - l) (x.,; ) (Ai+1,li+l) vhich zives

a least squares fit to the neizshbouring woints (xi os s )
- bal's8 L=

(Xi+2’fi+2) is taken, The welghts given to the last two »noints

~are not chosen equal, but arc taken inverscly

nronortional to the

sinoller

sguares of the distances from % q and X1 thus, nuch

discontinulties in the second durivotives arice 2zt tho deta

at X1 %5 znd at X g0, are crlenlacted aiiply

by »nassing two cubics, cne theough the first four pointe, the other

throush the last four, If a cubic wolynominl f£(x) pnsses throush

all the data, the mothod would produce an exact fit, ITn ony case,

on the data actuxlly tested, the method produced much smaller

second derivative discontinuitics thon those obtained by the Alidna
method,

The authors procsent an alﬂorlthu Tor the computation of the

coefficients in their iaterpolant. They test the mothed on five
-

3 l+ XC"/Z 1 ey , i 3 lo 10 ally
mathenatical functions (x7, ,tanh x, sin x), for 18 unequally

from -2.,95 to %.0. No sravhs are given,

that their algorithm perforus

spaced values of x ranging

but the zuthors indicste from tabdles
well, One table nakxes o comparison between aversge dovictions, for

vorious intermoloatior mothods. Phe other cownsres tho nverage stcond
deriveotive discontinuity at data points. uhe usthod wes found to

be useful also in two-dimeoneional problens of internolnstion, wWe aust

sanrily nromerve the shane of the

note that the nethod docs notv necossn

data,
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2.5 Mettkers umethod for convex cubic Hernite-snline internolation

mettke [1?7] presents a method of constructing convex cubic Cl

splines which intervolate a given convex data sct., The interpolant:
. . . (2)
s(x) is convex if and only if s “/(x)2 0 on (x 5 l), i=l,...,n-1,
giving
2d, +dl+1\ 34, and -di-adi+ls =34, » i=l,...,0-1, (2.5.1)
Thus the problem is reduced to the solution of a system of linear
inequalities,
Not every convex data set possesses a convex intcrpolation spline,
but under the a""umotlong
i o I =
2(A, -8, )-(8, -4, )2 0, i=2,.,..,n-2 , (2.5.2)
the derivatives di giving tne convex spline may be obltadned
through the following algorithms
d.e [d.,d.]are chosen with
;€ [g;,9;1a
3A --?_A2 , dl:Al s

dy= 54

for i:Z,;..,n~2,
anyxd L - : - d =i1] 3 -
4. = hmk{d(in_l di_l),jéi “Ai+§’ ai,Lln{)Ai_l Zdi-l’Aj

-1
. o1 — bl eyt v 4 2 D
and dyq= 28, -4 o), & mmin{3a =24, 5.A ),
= 3(3A. .- d = %A =24
4 = ‘(’An—l dn—l) R e

Mettke futher proves that under (2.5.2)
che soluti [t LIT e equation d,+2d. =04,
(a) the solution of the difference equation d;+2d; =58,

with d :}Al—ZAZ , 15 also a solution of (2.5.1); and

(b) if Ala 0 and BAi—ZAi+ls 0, i=l,...,n=2, then the soluticn of

the difference equation di+2di+]: BAi izlyeesyn=1), a =0 i

also a solution of (2.5.1).

P 3 s Papen ] N e
The paper gives crror ectinates. If I'€ clx l’“ el Ii—l(ii), Lne

it is proved that

I - slls q?(l+K)m(f,h) ,

}:

(i=l,...0=1)
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where K = max{imuihi/hinl),3+3hl/h2} ,  ana

g
~
bty

) = supi ]i(")-1(y)[ 23,y e [ 0] y |-yl ¢n}

-
[
y—

ie the modulus of continuity,
The theory is extended to a discussion of wonotonic and couvex
cubic-Hernite interpolation splines, and an crror analysis is

given for this case too.

2.6 Schunxiier's cihape »reserving guadratic ooline

The paper by Schumoier [33] conside

for solving the dnterpolation problen a(}i):fi, i=l,...,n, ond is

Tt

concerned with metheds which preserve the shape of the data,

shows when it is necezoary Lo

a s

- Ty s o o)
they can be placed,

The basis of the paper rests on lhe
shich hely solve the problem of finding s(n) cuch tiot

in Ii:[xi,xi+l], s(x;):f; , S(Xi+1) = ?i+l ,
CO PN CA P

‘A. 1 N

14107941 -
Pue proller can be solved by a gquadratic polynonial only il

d, +d =2A, . Asguiing this condicion, if dj ,(1j 412 0, then g i

< d

corsd snd 1f 0< d., . then o 1 conver in T,
monotonic increusing end if O dl< d1+l hen s OILVYC 11 .

£ 2A the »nroblem is showmn to be sclved uniguely

i i+l i 0

using o quadratic spline with a simple koot at £:x1+ghj , 0<6<1
where the slepe is chozen as

1),
d = S( (&) = A - {QO. +(1- @)C‘lJlf ’

2nd the quadratic functions in the intervals xi<x<§', §$X~<xi+l

can ho conntrucicd earily.
. . . . A ey PR
The spling is nonotonic dncreaning only 31 d > 0 and dy 0,

3 T ; v pas e —~yy od ¥ " S A 3
If d < d1+l it will bu coavex if ond only 1f 915 dg,q -
The questicn then srises as to what knot locations laad to convex

splines,

add knots to o subinteorvoel and where

g the usce of quadralic splines

H
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(a) irx ld.

(b) iz e,

uas

onvesdd Jhe? G, - & .
loc:) convesdty Vhen ( 5 A Y ( La1” l)
mid-peoint of I43 otlhiervioe it is cnosan at the nid-
alloved inte

fails, a cerrection iz nade, interacuively.

=)
ja)
©
o
C
O
2
[
He
ine
[N
9]
)
‘,3

riethod (see next secii

mcthods iz the nenner in wnid

na aence
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=
o
—
faer]
~
joX
]
[~
[EN
S
N
[
i
[+
g
A
o
13

Wy s has no inflexion

i
Assuning this condition ond di<.di+l’ then

-A. | < ldi-Ail , then Jor o211 & such that

i

X. <& 5§§'Ii+ 2h (d'+l~Aj)/(d'~ -d,) , 5 is -convux on 5

i
and Turcthor if d d, .42 0, = 15 zlso movotonic increasing.

~Ai|>ldi—Ai , then Jor all & such that

—d ) , 5 dism convex on T, o
i i

.
+
}—’
v
[Taa §
h)
vt
it
B
+

and further if d,, d, .2 0, = is «lso wmonctonic incroeasing,

Thoese results form the basis of on olgerithnm which Schusalier

describes to permdt the construction of guairatic splincs. The

er can adjust the koot vositions, sg recuired, intoractively,

d i cen adjust the shape of the srline, In the algorithns,

the slope dy at x, i ceuputed on o soocinl weilsnted average

ofA. and A, . Tac choice of hnots in thooe intorvals where
-1 i

they are reguired ig pade to assurce loc2l uwcnobenicity and

J

-

~val., If the condition guerunteeing local wonotoaicily

O

C\
=

(L9
slternative to McAllister and Reulicer's
ion)e. The woin difference belucon t

thich =lones ana knots ore selected,
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vyt - -
culnbory

F I ¢ A i - ey 4 ey ~ Fod
In thin «ec cien, Ve GO scribe tho bosis of
Roulier nmethod for deter.iining a shope-nreserving

.
A dD

-~ corly sae 1 - ;
3 whorn the cata

spline

detniled n~ccourt iz givon iy
Aszuning nonotsuic dncreaszin

the slope values di

At interior points (i

« . - ~Ar ~ P 3
fl -1 , "here 3 = Q(“i l+ ¥) end X is

and the extensicn of the line of slowe Ai threush (o, T

Sce Figure 2.7.%.
]
)
]
1
)
¥
Téts
1

It is cany to sce that ¢, sat sfice the incoualities

3 QIS 1 !
A, . <d, < min(A,,28, ) .
i-1 i 1?0
essential use is ande of s, é

L@

poinis q 9%y

a Soc Fioure 2,7.2.

-]

1
-
v

[ T3 S
»

Flie2.7.2

the McAllister and



dlz % vhere = = % Xl~»p) qnd Foie deterninad from

the verticol line x=¥ oand the linc of slone d2

]

’X1+1

faee
o1

f,). Conmider, now, an arbitrury intorval Ii:L 4

Fig.2. 7.3

T e L1 P pa o0 e 3 Ty :
Using the lines of slopes di.’Qi+l, hrough S

the noints W, Z1 ;

nicd-noints B, C of PW, QW resncctively, hence the line

e t R
segient BC;

and the »oint 2,

5 of 4, and fB, fU are the ordinctes at

If (&,T) ero the coordincies

B,C, then in Ii we construct s(:) thuo:

FtY) - [ 1 {fﬂ(:_v)2+ng( )( )+T(x—xi)d}, on fxi,fj

1 = )l = -
{ T, 141X 2401 (A b (“i+l =)Ly, ) } on[y,‘.

o
1~

Thesc Bernstolr plccewise coiined guacrotic polynoninls ars su
1 (L
( >(“.) 5 )(x.

s(2>(x)2 0 throushout [\.,Ai+l] .

s bhe constructed on tho entire donain

> B P
th aoncteonice an’ convex
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Chayter 3

PILCEVISE RATIONAT, QUADRATIC

INTERPOLATICH TO NONQOTCOYTIC DATA

5.1 Tihe Rational Quadratic Interpolant

Throughout this chapter the data are monotonic. Without loss

f generality, they are considered to bo increasing:

(o]

fis fJ‘.+:L ?
i= 1,2,...,0~1, (3.1.1)

or,ecuivalently, Aia.O
A nonotonic incrze sln” function se¢ C [xl,x ] is constructed

Sﬂch that

i
iz 1,2,...,n
(3.1.3)

(1)
8 (. )= .2
(xl) dl,O
This is achieved as follows,

On any interval [x ’X1+l] in which Ai =0 , s will have the

constant value fi = f1+l , and the derivative values at the

ends of the interval must be set at di: 0, di+1:o,

On an interval [x.,x. ] vhere A, » 0, 5 is token as a rational
i1?274i+L i !

fupction, given by
0202 (e G ) 1 G )P

)2

I ( X341

(x

, xelx. ’Xlll]

s(x)=
i+1-x)2 + b(i)(Xi+1"x)(X—Xi)+(X"Xi
to satisfy (3.1.2).
Writing x = x+ 6hy (3.1.4)
then 0£ 651, and
f.(l“9)2+a(i)9’l—9)+f. 8

s(x) = S(0) =
* (1-6) +b(1)G(l 6) +6=

To =zatisfy (3.1.3), we toke
(L) _ (1) () _ (1) (1) ()
hydg= $Y77(0) = 2™ 7 = T L, hidy 0= STT(L)= —at T e L



Solving for a(l), b(l) gives

()
A E (liai+l i1+l ) A ’
(i) \
pi= (dy g% 450/

and we note that b(i)z 0 shows that 5(8) is never singular,
Thus in[xi,xi+l], whero A;> 0,
- ' 1 - i . .
A f (i-e) +(de1+l l+1d ye(s Q)PA L5 1® , (.1, 5a)
A (1-@) +(4 +a )G(.—Q) + A @

s(x)= 5(6)

I

5 )
f Gb d,e(1-e
= f. + ( 'Ll'l. )l' + i ( )] . (3.7.5b)

+(d; +dy -24.)0(1-e)

The latter is a better form for nuuerical computation, particulurly

wvhen A, is snall,
i
It is s5till to be shown that on the assumption thet d,2 0, &, .32 0,
i il

1 -
then s( )(x)z 0 for all xe[ki,xi+l] , and hernce that s is morovonic

increasing, A differentiation of either of the foruulae (3,1.%)

leads, after a little calculation, to

h;ls(l)(g)

s(l)(x)

2 2 oyl
a7{d; .07 +24,0(1-0) + 4, (1-6)7} 16

: oA IS
{Ai (g, ,q+d; =28, )6 (1 e)}

Monotonicity of the interpolant now follows dmnedistely, given

only the necessary conditions d,2 0, d, L41Z > 0., Hence these

conditions are alco sufficient., We wou1¢ like to draw the reasder's

attention to tihis, the most important proverty of the interpolzmnt s,

An O(ha) family of explicit derivative settings for the di’ i=l,seeyn
is glven in section 3.3. The convergence analysis of the next

se¢ction shows then that zn O(h)) convergoence can be obtained, but

that if more asccurate derivative data arc available an O(hq)

conversence rcsult is achlev 1ble, (Chapter 5 considors the problen

of high order explicit settings for the di.)

&
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3.2 Error bound analysis

Given a monotonic increasing function f¢ lexl,xn] such that
s
f(xi)= f. (i= 1,...,0n) and s the piecewise rational quadratic

interpolant defined in section 3.1, ‘then if xe[xi,xi+1] , We have

_]f(:':)—s(x)lslf(xi_'.l)—f(xi) =hif(l)(Ei) , for sone E 3 (X:L’x1+l)‘

A hipgher order convergence result may be obtained. To discuss

this, we introduce the following notation, and write (3.1.5a)

as
s(x)= S(9)= Pi(o)/Qi(O) | (xe[ki,xi+l] ),  (3.2.1)
where
2
Pi(g) = Aifi(l-g) +(f1 i+t :|.+1d )o(1-6) +Ai :L+lg S
> A o2 (3.2.2)
Q, (8) = A, (1-0)% +(d, ,+ d;)6(1-0) +A;07 .

Theorem 3,2,1

Let s be the monotonic increasing interpolant of section 3.1;
let f ¢ Cl*[xl,xn], and suppose 'f(l)(x) >0 for all x on a compact
set K<:[x1,xn] (thus f is strictly monotonic increasing on K).

Then for xe[xi,xi+l] and [},{i’xi+l]c\K ,

h. '
,f(x)-s(x)lsi‘_-a—:'-'-" f(l)".max-[lhil , I)\i+1l}

2h, 2 -
S WU eD N+ S22 2@ 120

*3 4c
(3.2.3)
where ci% + min fcl)(x) s (3.2.4)
[x;,%iy1
(1) + (1) . .
M=dym 70 A= - Y (3.2:5)

and all norms are uniform norms on [xl,xn].

*

Proof:

1+l] » 8O X= X, + eh, , 0< 065l ; and write f(x):Fi(G).

Wle require an upper bound for [Fi(e)-S(O)[ y 1.e. for

Let xe[/i,x
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|r, (@)q, (@) - (o)
e '

2 Lea 2
Now Q;(€) = 8;(1-8)" +(d; ,;+3;)8(1-0) + 40

(3.2.6)

min{ A, , TA, + %(di+1+di)} , for oll 0<e@¢1 ,

2

2 %-Ai , for all choices of d,, d; .20 ,

>3 min '(l)(x) (3.2.7)
I ’h1+f

L lower bound for the denoninator has thus been found,

The numcrator
F,(8)g; (@)~ »,(6) = F (0){Q;(8)- gt (&)} +P1(6)-P; (6)
Hry@ge)- pr(e)y  (3.2.8)

where
¥ (1) (l) . . i b
Pi(e) =4 TR A ©) +(f1f1+l+f¢+l i )6(1-6) + Aifi+l@ ’
. (1) (1) 2 (%2.2.9)
Qx (e) = A, L(1- Q) +(flﬂ+fi Ye(1-6) + Aig 7

In (3.2.8),
lFi(g){Qi(G)—Q;(G)} + Pr(e) - Pi(g)l
=Jecr-e){(a; y~2{ 1)) (7 @)-2,) + (o=t (¥, (@1}

e(1-0)] (F, (8)=1;) +), (F;(8)- ilﬂ)l , using definition(3.2.5)

1]

i+l

it

6(1-0)| A,y -0n, £ (& e (-eyn 7 (g ),
for some § , € CL/L’ %51,

X +1l}-- (3.2.10)

s #n, |t
Also, in (3.2.8), P;(e) is the cubic Hermite inierpolant to Fj(O)Qi(Q)
This

on 0 6<1 (in fact degenerating to a gquadratic function),

is hecause

P,(0) = F(0)Q3(0) Picl)(o) = a'% (Fy (0 (e) g0
(1) d p (oyo
and  P,(1) = F(L)g(1) P; (1) = 35 (F(0)q*(8) Vg, -
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. . .
Kence, for the last term in (3.2.,8), the error bound for cubic

Hermite interpolation gives

I
: 1 art o, .
F. (e)qx(e) -Pf(e)l € ggr o max | (T (6)ar(e)) (3.72.1)
i 1 1 AL .5 [O l] dQLI A 1.
Fere,
Iy _ :
A a . (&) (3 e (1) (2 g (2)
dg4( F;(0)ar(6)) = Fy 7 (e)qr(e) + 4F;77(0)qp 7 (0) +eF; 7 (6)Q: (8,

since Q3(8) is quadratic,

L. (L A
hi*f( *)(x&@)mf;(m

i

+ thff3)(x(@)).[f?i> . ffl)"zzAi]. (1-260)

+ 6h2 (2)(yLQ)) [f§+£+ fij)— 21611.(~2)

and Q{(Q): f(l)(gé)), gince Qf(@) is a convex combinaticn of

derivatives f(l), fSii and A‘: f&l) (a € (x.,} 1)) ;

Z
also, (+{ + i(l) 2Ai = % lfb>(q) , by a Hgano Kerncl arguuoent

(see Apvendix A.2)

Hence (3.2.11) gives

|7, (@razce) —preed]¢ she{ nile Sl v S 109 Pandin B 300

U
: (3.2.12)
Using (3.2.10) and (3,2.12) in (3.2.8) gives
!Fi(Q)Qi(e) - P, (0)|¢ 41y Hf(l)H,max{|§i|,|Ai+ll}
Iy
b
- L - . ("))II
¢ D 2 e 2 2 P
(3.2.13)

Thus an upper bound for the numerator of (3.2.6) has been found,

The result (3.2.3) now follows from (3.2.13) and (3.2.7).

Rermark 1

By followins the above method, we can find upner bhounds for

[0 () - 500, r=1,2,3 .
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For example,

(1) (1) 1 ( ,
‘f (A)"o (X)' hl Q]_(O)' (l (Q) (Q} ] (@))
Q§l)(e) r o) ) P (o)
~—— (F.(0)Q. (@)~ P. (0
{Ql(g)}a ( l\ C{,J_( i )

wvhere we can vrite F.(G)Q,(G)— Pi(@) in the form (3.,2.8).
Upper bounds for -( F. \9)0“(9)-P*(9) can bLe found uwming the
results of Birkhoff and rriver, [3] y and the remeining terus

can also be bounded, However, the calculations arc rether involved

and s0 arc not guotecd here,

Remark 2

Equation (3%.2.3) in Theorem 3,.2.1 shows that the order of

convergence depends on the accuracy of di’ di+l as epproxinations

(1) (1 . _ (1) (1)
t g f, respectively, { one chooses d,= T, and R
o f , il spec y I oS 5 N ] d,+1 f1$1

1 - ~ Y] n - 3 l‘ i o agib’
then (since Xi_o = xi+l) a hest order of bouna} O(hi) is possible,

In practice, however, derivatives have to be estimated =t the

points Xy 0« A femily of suitable cheices for calculating the di

explicitly is discussed next,

vk 2 s . o
3,35 Explicit 0(h"”) settings for derivatives dj: a family of choices

When the pilecewise ratio al quadratic intervolation scheue is

applied to a menotonic increasing data set (such as one fronm

section 1.,3), a nethod for choosing the derivatlives di aporoprictely

(i=1,2,...4n) has to be found
s of this section (only), let us usc the

& =1 +h/hy , fy = -hy/hy,

For tlie purposc

L

o« =1+ /b o, P= b /b )

In teruns of thcse constants, we further define

apbreviations

2 . 1 i :') 1"‘1 4 L) b L]
h;/(h, o +n.), § =hy_/(h, J+h) , for i=2,..., (3,3.1
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(1) Ay = oA 4 91A1,3
Gl = A:l.Af%, vhen Al’5>-0
Ia::LQ%/%‘+perJ}, WWHAZ>O
(i1) Ay = YiAi-l + SjAl
G, = Aﬁl.aj}L (i=2,...,n-1) ro G
Hi = 1/{7i/zi_l + Si/Ai} , when Ai—l,i+i> 0
(111) A =l , + §, Ap-2,n
%y ty
G, =87 ‘An-Z,n when An-Z,n> 0
H = 1/{dn/hn_l + pn/hn_a,n} , when An-B,n> o

Ve pronose

the d,, and analyse their usefulness,

Method 1.("A" scttings)

set dl = [Al s

We

0 otherwise

joH
H

d.

1

0 otherwvise

Method 2. ("G" settings)

Ve set 4 = , 1if A

4. = G,
1
, if A

now three possible choices

Ay for i=2,...,n-1

4] ’__') —
, Tor i=2,.,..,n=1

of mcthods for estimating

. {An , 1L A >0

>0

"{Gl 1,3
0O otherwise

(3.3.4)

>0

dn :{ Gn n=2,n
0 otherwvise



Method 3%, (MHM seltings)

we set dl =1

¢ otherrisc

j o

n = HH ) li An;2>0

ZAn—l otherwisc
The quantities A,G,H are gencralised arithnetic, geomoiric ond

harnonic neans, respectively, of pairs of slones. The nuabera

0 5eeasf, are wveishts, and all but tvo of these (61 and Qn) are

positive., Vhen, as happens only at the interior points, the

weights concerned are positive, we have the stondord result

0 <l €6 g4 (=2,...,0-1)

7 .
For a given f¢ C)Lxl,xn] , Taylor expsnsions show that these
. 2 : . . —— . :
give 0(h™) approxinations for the derivatives., An example of

this result can be fellowed in Appendix A.3., For o more gystouatic

P

.2 s
the above O(h™) coitings

mode of proceeding, see Chapter 5, where th

are justified and higher order sctiings are woried out.

Further remsrks in connexicn with the chuice of nethod must be

nade,

Remark 1, (On interior seltings di’ i=2,...,0=1)

Ai’ Gi s Hi satisfy the ingqualit;es

1 < S A, € max{A, A,
mln{Ai—lf Ai}\Hié G, € A< nax { T 1}
The fact that Ay £ 0 if only cne of Ai~l’ Ai is zero shows thatl

the setting d, = A, is undesirable. (If wither 4, p =0 or A= 0,

then di: O for monotonicity).

Gi s hovever, is well=behaved, although 1t dnvelves cxnonsntiation,

Hi has a siwplified form, nancly
= A i
Hy =8 18478 1,50

which is suitable whenever Ai 1 and.Ai arz not both zoro,



Remariz 2 (On end conditions dl,dn)

The cxpressions Al, Gl’ H1 for dl all have the degirablco

property that-

I - - : . 1
Ay =l +(4y =80k /(hy +h)

negative value, (Vhon this ocours we sot d =0),

but it ney yis«lc

Gl mway be written as

h. /h
= A (£
Gl_.fl(%l/ﬁl,j) 1772 .,
Here, we may preve that G]e-O as A1 20,

e

H. nay be written as

1

When A?> 0, Hl provicdes « satisfacltory sobting for dl. In the cance

ive value io uszced Tor ¢y (¢cog., 2y

ra.

= 0, a large but finite pozit

is suggested a2s 2 possibility).

Qur first sect of results corncerns the order of convergonce of the

rational quadratic interpolaetion schenes discusned chove, Ve annly

our schemes to the exponential test function, deta set (WC2), for

various choices of the derivetive parancters dj. These cheices are

d the approxinaztions corresconding

for exact derivative settings and

s MAM, MGY and WHY gettings of nmothods 1,2 and 2,

8¢
tively, ewcept thet the exact end conditions nre tolien, nemoly

d Table 3.4.1 shows the interpolcotion errors

S T
E= ”f - s"a)bk socinted wilh cqual diwnterval longths h=0,2,0,1,0,05,

0, dn:exp(l.o).

0.025, The vetios of the errors Ej/Ej+l confirn the eupacted

convergence roate, nonely O(L for the exuact dirivative sottings

V4
and OCh”) Tor esch of nothods 1,2,3.



-31-

‘\
Fy
=

|\N

Hothod krror K Ercor L mYror h n., /%
"1 L 1777

7o
(h=0.2) (‘=u.l} (h=0.0% (h=u.025)

[,

d, Avith, LG20x1077

H)‘A;ll

setlings

-G

‘_.l
Ui
O

d. Geon, .1217110'5 .
HGH

o
settings

-3 s = . =50 s a5
62060071 L 8001210 2 L1029:1077 7, 062 |7 70 7,85

-l v 5
37x107 L 2046x1077 L 25P9x107 | 7. 62 17,4

L

I L e -l - G
d, Hoern, L 2L78%10 7 L 3030x% v k L398821077[.5113x107°17.19 (7.6

0 17.%0

Giae

d. exact oyl - =L ) - X -
1 1102331071 L6751x107 | 431571077 |L 27301070 |15, 2015,

o\
QD
o
i
.
g
<

Leble 3.4,1 Rational) cuadratic interpolation

crrors E:ﬂf - 5]l on ewvonential data (0
. «w©

Our sccond set of resulte are grashicol, The pilecewise rational

guadretic schemes using orithnctic, geometric and harwenic

derivative aprroxinations, are tested on tho data

(M3, (M), (HCL) and (FC3), and tho grephs

:‘),011"01 to 3.1576.

We comnent on these, briefly, in relation to tho rritsch-tCarlson

grayhs in Chanter 2,

(M1) cata
The first zravh scems to be close

vhile the best of the set of 3 apprars to be the niddle one,
(M2) data

1t is the niddle gravh which appears comparnble to the rritsch-

Carlison curve. ronulation fisures for the year 1965 work out to

202.%,201.8,202.% million and conpare well with the rritsch-varl

estinnte of 202.5 =illion,

mC2)

to the prritosch-uarlson curve,

S0



(M3) aata

Our graphs using the Y& and "H" seltings for the derivatives

scen to sumooth cut the irregulafities in the data,
(L) data |

The lest graph shows nost similarity with the one of
Carlson., The middle one would be cur choice.

(MC1l) dzta

The nearest to the Fritsch-Carlson graph is prebably
one, but the last scenms to be the smoothest,

(}iC3) data

A1l three gravhs chow an improvement on the Fritsch-

the inflexion is not so proncunced in our figures,

Carlson

Fritach-

the middle

curves
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Chuptmg_&
C2 RATION AL QUADRATIC SPLILE

IETERPOLATION TO HQQTCHIC DATL

4,1 The HMonotonic Rational S»linc

In the previous chaptlter, a plecewise rationsl quadratic function
was developed which produced a monotonic interpolant to monotenic

data. The intcrpolant gives acceptably pood curves and is of

continuity class Cl.

In this chapter, we restrict the data to be strictly monotonic

increasing end show that 1t ig possible to obtain a monotonic

N

rational spline intervolant, with continuvity class C7, Vherees,

earlier, the derivstives di were deternined by local approxination

nethods, here we need to determine poszitive values of di to make

2¢ s . )
s¢€ C [xl,xn] . The continuity requirement ncans that at all

intericr kuots X5 (i=2,...,n-1),
(2, (2) _
O ()&.J.‘*') -0 (Xi") - O L]

Usin; the derivative of equation (3.1.6) for the valuc € = 0,
and the derivotive of the equation corrcesunonding to (5.1.6) Tor

the interval [Xi l’XiJ , for the value @ = 1, we find that

2 ¢ gt 4y 2 5y +diJ
SdA + 4, (1e =——==)] ¢ A o 4d, (L= ~=————=)]| =0 (4.2.3)
hi i i Ai ] hi—l i=1 i Ai—l

(i=2,...,n-1)

These equations becone
b (i:?—,ouo,n"l) (11'.1-2)

di[-ci+ai-ldi—1+(ai-l+ai)di+aidi+lj = b
where ai = 1/(niAi)

b, =A, /b, +A&;/h (4.1.3)

(¢]
i

l/hi_l + 1/hi

We note that ci>0, and for data which azare otrictly monotonic

increasing, a;»0, b;>0 for all i=2,...,0-1.
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The cquations (4.1.2) arc non-lincar equations in the derivelives,

The secticns to Tolleow zhow that there exisls & unique colutbion

-

1q show also how the. eoluticon

e

to thesc cquations, with all di> 0,

can be obtaired by & convergent iteration.

L.2 ERxistence and Uniguencss of a solution

Fach equation (4.1.2) is a2 quadratic in the variuble di.
Solving for the positive rocot gives

1 i L . i :

di= sk e 3i1 %17 %t {(Ci g 1% g=03d5 )
i-1 71

I ]

1y . .
+4(ai~1+ai)bi}“J,1:L,,.,,nmJ .21

A Jacobi dteration nay he defined by the equalions

(k"‘l)__ ()\) (lx (1" " ) i
N = §T~————~—)[c i1 1_1—..\JL._. + {(L .mldi—l~“ig‘

"'L}(q +u.>b_i§-£], '_;-32,..,11"‘} ()lu'tz)

r r Yoo T
where d§L+l)= dih): j and dé“+1)— d 1&): d_ are given end

conditions.

In the theorem below bthe existence znd unigueness of o positive

olution (with d?""’dr 1” 0) is proved by analysing the Jacobi
- P St

tyne of iteration (4.2.2). To simplify the presentziion of the

proof we substitute

+a., = (& d, )b, = K, ' Lo2J7
a; = Ay 5 bl _yregdbyo= Ky ( %)

—l i

Theorenm 4,2.1 (Existence and Unigueness)

For strictly increasing data and given end conditions dlzo, dnzo,

there exists a unique solution dZ,...,dn_l satisfying the non-
linear consistency ecuations (4.1.2) and the nmonotonicity
conditions di>O, 1z2ye0.,0-1

Proof:
iz1,...,n i3 dcfined dpitinlly on the

A set of functions Gi’

donain Rn by



6, (%) = d
1
G &) = EI;[ci_ai-lsl-l IR (O LA L LA Lo
i=2,...;n—l ]
6(8) =a_,

vilera n
v eTe E = (& En)€ R'. Let G =(Gl,...,Gn) and g;(dl,...,dn).

l’.-'
Then the Jacobi iteration (4.2.2) assumes the form

(k+l) G(d(k))

- ' 2 1,
Now; c.-(. + {(c -C.) +Ki}E is a monotonic decreasing function

of cl- al l i-l +a El"'l.

§iz-o, we have

Thus, for Eiz 0, i=l,...,n and hence

G.(_E_)Sp. 3 i=l,o'o,n .
vhere 8= 2A ==L c; + (c + K, )%] y 1=2,.ee,n=1

and fy= dy, P,=d.

Furthermore, for Eispi, i=1,,..,n, and hence Ci i- lﬁl 1+a151+l’

T owe haVG ai s Gi(i) ’ i:l 3o @ —.-,n ’

1 2
where u = ZAi[ 1725105173405 41 +-{(ci~ai_lpi_l-aiﬂi+l) +Ki}¢] s
l=2,.o.,n"‘19 |

and ﬂl=dl, w = dn .

Hence o, ¢ G (E)<p for all w s &« p; » where ®;>0, i=2,...,n-1.

.thus G: I-»I , vhere I¢ R" 15 the n-dimensional interval I=|§l,pl)
: , o . n

X o»e X[t ,p,]. moreover, since G (§)> 0 for all feR’, the

analysis shows that the Jacobi iteration will become restricted

to L for any initial vector g(o)e R".

Next, we show G is a contraction mapping on L. For this, let

£ ,1€l ,.and
X; = e3=05 185 972%5a0 Y1 =008
Then, fOI‘ i:z,o-o,n"l,

L4
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; 1 - 2,0 43 2, v o
G, (3)=6, (M) = =0 X -y, +(07+K )T =(Y7+E,)7 ]

i

i
Xi--Yi [ . Xi+Yi ]
7 VR - S S ,
i (xi+Ki) +(zi+Ki)-

and G;(8) - 6; (1) =0, G () -uM) =0.

Now
P -yl /8 <lie - afl, , and
|x. + v, | X.’+|¥.[
X 3 < L 1 .
2 r :2]5' 2 r ..:‘2_ b 2 e _;)-
[C o SPEEGI 9 {0 Ix 1+ Ty DTk V2
- 1
(1 v 2K /% 1Pl )2
37018 i
S S —
(L + L)%

where, since [Xil , ’Yi’£ oy *a; 185 g *aibs 0

i s Na¥ o IS 2
L= 2 nin (ai_lmi)bi / max (ci+“i—lpi—l+“ipi+l) >0 .

2¢ign-1 ° 2¢ign-1
Hence

I e -eell s 302 a/7aa)¥ Ll e I,

and so G is a contraction uapping on I,

Thus the Jacobi

iteration converges to a unique fixed point deI , i.e.

d = 6(d), and hence (4.2.1) has a unique solution,

that d is the unique solution of (4.1.2) satisfying

positive root formulaticn of

i=P,...,n=-1, since the

is the only one which can give a positive solution.

4.3 Solution by iteration

In practice a Gauss-Seidel type of iteration can be

solve (4.2.1), This is defined hy

1t followu
di> o,

(h.2.1)

used to
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d$k+l)= ETEE%I:EEThL 1734 ldikil) idi§i+{(c1 8 ékfl) 3y iii)z
+4(ai_l+ai)bi} 1, i=2,..,n-l
(4.3.1)
where d{k+l)= d{k)= dl d(k+l) d(k) dn are given end
conditions, .

These equations (4.3.1) should be carefully distinguished from

equations (4.2.2).
The next theorem shows that this iteratioh will converge for any

choice of the initial values d§o) , i=2,...,n-1.

Theorem 4,3,1

The Gauss-Seidel iteration (4.3.1) converges to the unique positive

solution of the non-linear consistency equations (4.1.2).

Proof:

By Theorem 4.2.l., there exist  unique di> 0 satisfying

b /d + ci i ldl-l ( i)d aidi+l - 0’ i=2, s o0 ,n:'lo
Also, the Gauss-Seidel iterates satisfy .
(k+1) (k+1) (k+l) (k) _ -

Subtract and write dék) di+§£k) » Then

[b, /16, (4, +e5 )} v o vay] e(k*l) —ay_ g e(K)

since dy +E(k+l) §k+l)> 0, on taking moduli, we obtain

e (k+l)l (k+l)l+ a |€ (k)

[bi/{di(diﬂeikﬂ)l ) +ay eyl a3.1l® 4 14110

.

Consider the Jj th inequalitya where j is chosen so that |

JEE L pax 60D o [feCeH L)) o
2¢1¢n-1 = o |

Then
tbj/{dacdj+lle‘k*l’u B+ agyoagd | €

e v ay g™, !
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"Eﬁk+l)” < aj

3y +bj/{dj(dj+lL£(k+l)Hqg}

which reduces to | mo.
) e

It follows that
e Dpep 0

where
. &y
%f+%/“fﬂf"£wm&»

and Q< p<l.
Thus ” _E_(k)"->O as k-» o and hence dj(_kﬂ')-y d:i.’ i=2,...yn=-1 .
(-]

L.4 Error bound analysis

Jo begin LYy recalling Theorem 3.2.1 which gives an upper bound
for.'f(x) -5(x)| in any interval [xi,xi+£l.(i=l,...,n-l).

The dependence of this bound on the values ofl\i|=ldi—f§1%

and | fii{ | should, in particular, be noted,

and [y 1=]d 4=
The next theorem establishes an upper bound for max

max |d, - fil)l when the derivatives d, are the solutions of

2¢i<n-1
the non-linear consistency equations (4.1.2).

Theorem 4.4.1

Let d, = f{l) and d = fél) in the rational quadratic spline

interpola_nt. Then with fe Cl*[xl,xn] , f(l)(x)> 0 on [xl,xn]

and h sufficiently small, h= max {hi}_,

.3 (1) |
(1) h’k(h) I £2 70
d, - £277lg — (4.4.1)
seien-y 1 | 2no/ || £ 10—’k (n) :
vhere .
Kty = 5l 2 SR+ @I} vom) | honi2)
and . m= min £(x)>0 . (4olia3)
[xl’xn] .
Thus max [Xil = O(h??. -

2<i¢sn=-1




452

Proof:
Consider the consistsncy equations

) - | -l a - =
b /Ay + ey may gds g =(8y g 050 magdy g = 0

and let
(1) IS N ED (L) . '
by /2570 g oy B0 =g g M B = By Choliol)

1:2} v s ’n""lo

On subtracting we find

blli/{fil>(fél)+)i)} + ai~l)i-l +(ai_l+ai)hi.+ Hixi+l: ko
1=2,.,..,0=-1,
An upoer bound on  max |\, | is required,
2¢ifn=-1
From (4.4,.4) 2nd the definiticns (4,.1.%) it follows that
2

_ (1)*
{h AS :LA1 +h 1 o1 L}/:c“ (h +h l)Ai-—lAi

E.h
d-

A,
i 1-1}3 i 1 1

(1) (1)

(1) ﬁ(l)
-h. -
A (f ) h-L-W il A4l
On the right the Tolloviug Taylor cxnmensions are aade (sce

Apvendix A.32):

_ Ll @, n2 3 43 ()
B = L7 = By gt T e T s f e

(1) 1 (2) L.2.03), 1, 3.(4)
Al = £7704 Shy £+ FhiL s aqhifl+p ,
(1) LW @), L2 () L3 ()
£579 = 870y G f T Sy LT Ehi G 0

£(1) (V) .4, @, 1,203 L1 3.0
a4 0ty A L SRR )

(4) .(4)(”

he neans L =-0h, g L etc,
vh I‘Gf -l 1ean £ Al o l"'l) ’ 0< 3 ‘

After much lengthy algebre (which we do not reproduce here),

the result of these substituticns ds

('[{ . /i'o (/2)



(L)l 2.(8) .2 (4 1,2
Eib; 18 = ff {B'(hifi+p‘hi-:|_fi-3<) = E'(hifj(.ﬁt)s“hf-lfﬁg )}

Now Ay 85 ma, where m has been defined in (4.4.3).
Thus,
n?lgls 7200 70 e NN w1 B 2D} ond)
and so |
|E,|¢n™2n%k(n) , (b4ab.7)
using the definition of K(h) in (4.4.2).
Now conszider equation (4.4,5) with index i=j taken s¢ that

1)l = maxvlkil . Then
2¢ign~-1

(L, .(L) ' ‘ _ _ Y
[bj/{fj (ij +Aj)} taj gyt ajj )j = By -2y 9%y a3*3+1 ,
whérelhjlz'ﬂhll°° , because Xl= 0 =§n . Taking moduli and noting

that 0< f§1)+xjs f§]‘.)+ 21l s gives
[og/eeg g s LAY + agii s agl X le [55] +(ayqeapB Xl

This inequality reduces to

x s (l) b (l)_ . ) .[.
RYE A AV LIV - D (4.15.8)
under the assumption that the denominator is positive,

Now
(1)_ (1)
bj/fj = (Aj-l/hj-l+ Aﬁ/hj)/fj ’

= (fgié/hj_l + fgi'_%/hj)/fgl), for some 0<0,6<1 ,

> an/{n | £y,
using the definition of m,

Thus, from :4.4.7),
'bj/f§l) - |13 2n/qn 11} - n2n% (n) (4.4e9)

which is positive for h sufficiently small,

Finally, substituting (4.4.9) .and (4.4.7) in (4.4.8) gives the

bound of the theorem.
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For equal intervals and under the further assumption that

fe C5[xl,xh] » the above result can be improved.

Theoren 4.4,2

1 .
Let fe Cs[xl,xh] s f( )(x)> 0 for x in [xl,xnj and assume h; =h,
izl,...,n-1 (equal intervals). Let d, = f{l)and d = fn(l) in the

rational quadratic spline interpolant. Thenfor sufficiently

small h,
(1) g eny Il £41)]] S
max |d, ~fr'| < ‘ (4.4.10
Zsisn-J s 2u>/)e L) —nbr(n) * ‘
where

k(n) = 55 @D 4 Loy £G3)2 e @12 £
R Ean | P2l BT R TWAR £
Thus nax Idi— féln = O(hh) .
2<ign-1
Proof:
E All that it is necessary to do-is to consider higher order Taylor
expansions, It will result in a cancellation of O(ha) terms iﬁ the
equality corresponding to equation (4.4.6).‘ The lengthy details

are onitted,

Renark

Taken together, Theorems 3.2,1 and 4.4.1 show that £(x)-s(x)=0(h™)
when dl= f{l) and dn = fél) are given end conditions. The last
thezorem, concerning equal intervals, shows that the first term in

the bound on f(x)-s(x) is now O(hs), and so, for small h, the
bound is dominated by the second term. .

4.5 O(hz) end derivative settings

In the appl&cation of the C2 rational quadratic spline scheme to

nractical data we must set the end derivatives dl and dn to suitable

non-negative values, Tie settings for dl, dn defined by the formulae
. . _ y

in section 3.3, being O(ha) accurate, are adequate, although oth™)

accuracy of the spline is sacrificed near the ends.

-
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Viritten out explicitly, the choices are as follows:

Method 1 ("A" settings)

d, = = -
1 {Al = A1+(h1/h2)(Al A1,3) if: Al> 0
O otherwise

dy = (An =8,y by 3/hy )@ —Ah;a,n) irk >0 .

O otherwise

Method 2 ("G" settings)

d )hl/hz

1 1 11,3

_ ) h ./h
dp = _Gh ='An-l<An—1/An-2,n) n-1""n-2

Method 3 ("H" settings)

dl = Hl = A1A1,3/52

dy = Hy =Ap 48, 5 A,

4,6 Test results and discussion

We have carried out tests on the effectiveness of the Gauss-Seidel
iterative method, on the order of error of the interpolation scheme
and on the practical data sets listed in Chapter 1.

The Gauss-Seidel Iteratién. The Gauss-Seidel type of iteration

is easily implemented, where the convergence test maxld{k+l)—d§k)lsé
i .

i5 used as the stopping condition. No case was found where

convcergence presented a problem, In the worst case, of the (M3 )

data, l3*itéfations are required to obtain convergence with €=%x10-5
and 19 iterations with €='%x10_10. In other- examples, 6-14

iterations suffice to satisfy the convergence test with €=%x10"lo.

Oﬁr'éxﬁeriments also indicate that the Gauss-Seidel iteration -
.- X * . \
‘conyerges in little more than half the number of iterations required

N



-9

for the Jucobi iteration,
In order to implement the iterative nethod, we have t:lien

T
d& 0. {b /(u ai)}“ y 1=2,0.0.,0-0

—t
~—~
r~
.
.
A

as initial values, Thesc arise by aszunming Ci~ai—ldi~1°didi+lzo
in (4.%.1) and from (4.3.3) it can be seon thet thin chedce
corresponds to a local_approxﬁnatjon to the di. Hovever,
numerical exveriments show that the choice of iﬁitial volues is
not significent., Indeed, the choice d(‘) 0 or d(c) 100,
1=2,.e4y n=1, Cocs not substantinlly incruame the nusbor of

' were considored,

iterations in 211 the nunerical cromnnles thot

Order of Error. Our first set of resulis is concernced with the

order of error of the intervolation schemce, Tables L.C.1l, 4.6.2
3

cshow the errors which arize from the application of the rational
tic spline scheme to the exponentiel dota, (MC2), when the

I

quadra

choice of exact end conditions clzl.O, dn:cxp(lwu) ic nade, For

the four choices of interval length bh=0.2,0.1,0.05,0.0295, the

non-linezr spline equations involve 4,9,19 ond 39 unknowns,

L

respectively and the Gauss-seidel iteraticn converses in 12,1L,13%

~10

and 12 steps respectively with & convergence test of €=3210 .
Sry e | krror e Error e wrror c e, /e e./c e.. /¢
Error 1 0 P rTo 3 ) Iy 1/ > 2/ 3 / )

(h=0,2) (h=0,1) (h=0.05) (h=0.025)

Q

.1697x10"4{.1166xlo‘4l.?625x10'7 .hShhxlO-O! 1455 ’15.29 ,15,74

Table L,6

Rational gquadratic spline interpolastion errors

1) . .
€= max }fS”)-di(on evponential data (LC2)



Error B rErro? B Lrror . Error B I ) E./%
1 e K, 3 rror }‘l; "J-/FZ ,‘,)_/L,:‘5 r’)'/“ll»

(h=0,2) (11=0.1) (h=0.05) | (h=0.025)

~L e - . - 0 ~ .
06710 b 538010 6'.1;}36;‘\{1«0 7 L27h6x1077 | 15,51 [15.77 115,89 -

reble 4,6.2

Rational quadratic spline interpolation crrors

]

E :Iff - S"w on exponential data (MC2)

mex "k]) d | and thne

"The tirst table gives values of
2g1i¢ n~1l
1 . ~ . .
expected O(h*) reosult of Theordm h.Lh.2 is confirmed by the raetio
of the errors which approach ?L‘L The zecond toble shows the uni fornm

enlc,11 , and the ratio of these crrors also confirms

norm || £ - sloo

[a¥0)

the euzpected O(bq) result given by the theory of scoction 4.k,

The bounds of sccetion 4L, give overestinales of the errors. This

It

i C Lhoeerrors involves a none

is not surprising since the analysls o

lincar appreovinaiion wmethod., Thuz with h= 0,025, Theoren L.4,2

glves

P =
X ll( ) I‘O.EB % 1077
. i )
vhich substentially overestimates the true ervor of O.4044 x 10 7,

Theorem 5.2.1 gives the bound

l£- sl co.46 x 1077,

00

and Thecorewm 3.2,1, with the hound of Theorem h.hk.2, gives

£ - sl c0.25 = 1070,

8

compared with the true errvor |[f - s|l = 0.2746 = 10 .
e}

Proctical evomples

Our second set of results concerns the applicoiion of the rational
spline schemc to the data sots (HL1),(H2), (13),(iH,(¢5) ,HCD),

<3k

(MC3),

Y
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, ‘s 2 .
As end conditions for the C% spline schome ve hove trlen

3

values of dl’dn given be the "G" derivetive setlings of

e

5 Thae graphs are appended, Sco Figures L.6.1L to

section 4.5.

h.6.7. Grephs obtained using the "AY and nge settings aro

nct shown here, as they are very similsr to the nrecent ones,

For eachh data set we have drasn two figurcs, In the ouc on

the right, ve show, additionally, the varintion in the

derivutive, Thco smoothness of the derivative curves is
L . . 2
expecied, since the original curves are €7 coutinuous.

We comaent, very bricfly on the individual gravhs:

(ML) data
We have used only the strictly incresoing portion of lhis

data set, setting the left hand end derivative to zero, O
2

the dintervel [8,15} yLhe constructed curve is €,

(M2) data

e

Using the rational spline scheme, vie can »nrediclt a populalion

of 201,9 million for the year 1965, This volue councres well

. . . A
with our carlicr ones using the C schenes,

o
Yt
o)
N
jan
—

The C™ constraint has led Lo mere variction in the cuirve

that given by the Cl schemes,

(ML) data

Eleven dterations were nccessary to give the di' The resulting

curve is at least as good as our earliocr ones.

The derivative of this function is the familiar Gaussian

distribution function in Statistics.



(MC1) data
Only 6 Gmss-Seidel iteralions éstzblish the interior

derivative values for this four-point data set, The curve

ol
compares favoursbly with the true graph of f(x)= 1/x through
the knots,

(MC3) denta
An inflexion point appecars in thoe penultinste interval, A
change in the end conditicns does not succesd in roemoving it,
*however, For exzumple, sctiing dl: and dn:RS produces a

wa boefore,

similar grapa with an inflexion ir the same irnterval oo
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Chantor 5

I

A\J v :L. I T‘ :’ L " ‘Tl \] .Ii;;':

THATTON FOR

IA\I‘

iy

CUOLIC RATTOWAL, QUADRATIC T5'Ionr

&

Vv
L]

ATTON

EAPLICIT HETroby

a rational guadratic interpolant was defined and
expiicit O0(h™) approxiustions for the derivetive
The PO

he result was n plecevise defincd C mOﬂOtOHLC

A
vith o 0(h”) error bound. Following that, in Chapter

monotonic retional quadratic C7 s»line

linear sys
derivative end conditions are known,

bound for

Here ve »nroceed to show how to develop

Geteruin
rationa] guadratic schen€.

nethods, when ezact conditions sre not

method was

4]

ing explicit high order Qerivotive esti
Thne end conditions

]

The derivative perancters, deternined a

anlutions

17

This chapter exprnds on a few of the ideas of Chrpior 3. There,
- B} [
spplied with

ranetoers,

interpolant

4y a

develoned,

Z
tem of equations, zre 0(h”) anprosinations

of & non-

1

TP Y -~ \"'
WILEL OXOCU

!
so that an o(n'h) error

class of methods fer

\ ey
7 ey

movn, will

also for the C° raticnal quudratic spline,

Data will be assumed to be mounotonic ia

reguirenent necescitates th

be all non-negative, and this leads

finite difference approximation formulae

arithmsetic, geometric znd harnonic 0(h

as very special cases,

5.1 Prelininary lemnas

Explicit derivative approxiuations whic

will b bascd on the use of the methods

lenuas,

creasing,

st the derivative

L7l

=S

DL e
i

Thg

given

]

1

for the

monotonicitly

ters should

to study high order

*h

which will include thooe

cre o(hP)

aorived in

H

the

2 . . ) -
) approzdnmations of section 3.3

022305000,

acxt two
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Lenma 5.1,

Let €., j=1,...,0 be distinct non-zero conastints.

lincar systea in the unknowns 05

-1, Z}t.&ff
i

J=1*

¥

N
- qj = O fOl" }A&::l’o-u’rl"“l
J=1

solution
N

L+ G :HEI'-:-];:’:I‘—" ,

has the unigue

j:l,...,N

L)

Prooi:

The system (5.1.1) is

I_J

. . - .
[ ] L] o ¢ 9 [ ]
»

N-1 EN-l

o
2 x JUxD L

N-1
& T E

A
il

The coefficient
V(El”"?ej""it"}‘r) :rﬁr (LD_E()) .
b>g B :

Therefore (5.,1,1) aas the unigue solution
V(E-—L,ao-,o,ooo)ﬁi\_\v)

O(j::

V(& seeenbysees ) i=1

Lenma 5,1.2

Let €., ,
J N-1
A= 2 + Jel,eee, N

J s

vhere &= maxlajl ,

constants, Then N

N “j
T_ij

Jj=1
N

1/( oL /N)) =

= a + (\;(E_N)

i

H a + 0(eM)

1l

vhere the uj zre defincd by (S.1.2).

j=1l,...,N be distinct non-zero constonts,

Tiioen

y d=lyeee, I acfined by

vy )
and

the

(5.2.1)

otrix hos the non-zero Vandermonde. deterainant

let
(5- —'I-o,))
are

(5.0.4)

(5.1.5)



Proof:

(1)

(i1)

The

Te

Tirsts

see how the

60

N N N-1 N
el = zi.“ * ?:‘bh ZE;“.€¥ s o),
-— j::l J J 1. _-]_ 3 . ::l J

o using (5.1.3%) in the definition of A,

, ) . Lo M .
But the uj setiafy (5.1.1). Hence A = a + 0(&'), which ig

= ! .
(/'-L‘l") 1\1 I\ 1

Z__(x [1 ‘E,'a + lob{ ;L+ZJ b 65 + o(&.N)}]’

k=1

los G

it

“on noting oy 0, %.) o,

N N N-1
5_210(3105 a o+ ZO(J[ Z c E_ -1 + O(¢ )]

j=1 i=1

It

c..:K—J

the o being come constants obtained by the power serics

expansion of log(l+8).
it - T e ~N 3 94 SN . ey e Fal [l -
Thus, log G = log a + 0(¢ ), since the % sobiofy (5.2.,1),

Ilence G = a + O(¥& ), which is (5.1.9).
N

11 = )N

j=1

the Y bein:; some constants obiazined by tne pover rerics

-1
expznsion of (1+0) .

O \3
Thus, 1/H = a l[l+ O(Eh)] , on using (5.1.1),

Eence H = a + O(EN) , which is (5.1.6),

lenma is proved,

lemuas are applied, ve ewanine the sinclest case

t=h

N=2. Copsider possible O(h ) scttings for on end Cerivative,
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A Taylor expunsion anslysis shows that
= A = a+ b € +'-2
M 1 vt b€y o(tl) 70

- . 4 -2
>\2 -T-Al,B = a + ble:2 + ()\L2)7 0

hl+h2 .

fu

whope o _ (L) _ @, ,
where a = 5750, b= 1] /2  end 61 =h , &
Then taking
= £. oy = L+ (= & ) = -
()Ll ed/(€£ £l> 1+ hl/hZ L 0(2 l/(&l EH.) hl/ll2
in equations (5.1.4) to (5.1.6), wc recover the dl settings
Al, Gl’ Hl in eguationg (3.3.2).

For zn interior derivative di (i=2,...,n=1)

)\J_:A’::a-}-b.ﬁ

1

2
1t o(el)> 0

. L2
i = a+blb2+0(ta)>0

A
hepe o o plb _ ¢(2) one £ = »
-where a = f gé};, b, = £} /2 anc tl = _hi—l , 52: hi .

Then
> 4 = h, . +h, = h, ..t
1 hi/(hl-l+q1) % 11»1/(h1—l+11) ’

vhichk yield the d, settings A., G, H. pre
i 1 Ui i

in equations (3.3.2).

In the next gection the technique is uscd to obtain higher order

ayproxzinations,

Z
5.2 Fxplicit 0(h”) conditions

(i) FEnd cenditicus dl and dn

e use the ~lones A LA A and establish that
Ve use opes 12 1’3 ’ l,l{ €

- - - A > S S
Az 8 %08 s Y 1t
o™ X o
_ AL 2,1 3,1
dl - ‘Gl :Al ’Al,s .Al’l}

= l/{°&,1/A1 + “2,1/A1,3 BT WA

=



-Gl

viiere & -+ +1 B b4
(hl HZ) (hl+h2 m5)/l_h2([.2h15)] ,

1,1~

ur?,l = -hl(h_l+ha+h;)/[}12}13] ,
- | Y .} . '1~

0(},1 = hl(nlq‘l?.)/[h_'i(hauhfj)] .

The approximuticns for (:in are the dvals of thosc,

ool

9

We have, corresponcing to Taylor expansions of A.' ,A.] ”""Al )
1 Ly Ly

in Figure 5,2,1, with 0(113) remainders, the values

Cl = hl s 52 = }11+h2 , 83 e hj.'*b-a*h; ,
hence . , . .

' £ L-j . (h]'>+n2) (nlﬂla-a-uj)

®1,1 e e by TGLEY

~ El '&3 ) hl (h1 +}'12~|~h:5)

g ey TR T T

o _ & . £ ) ,h]" . (hl'!’:”P. ?- .

3,1 El" L& e % -(n2+h§) (~113)
(ii) Intcrior conditions di

A, A as in Figure 5,;’.’..2(9),'

a f we use the slonecs A, . ...
(a) 1 o i-1 17 d,ie2

we have, for i=2,...,0-2,

By 20 50y g +% AL 4% By ius
X o, |
_ _ i 2,1 3,1
6 =16 = AT T T
o
By = L[ /A5y #% i /A * /AL ]
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where dl,i = h (h +h l)/[(h +h )(h +hi+hi+l)J
a2,i = hi (h. +11+1)/[(h +h N, +l]

o, . = -h, h h +h +h. - )h, .
3,1 i A i+l 1ﬂl'
Proof:
Corresponding to Taylor expansions of A A A in Figure
1 hg A s of A 454, 1,042 in Figuarc
5.2.2(a), we have
£ = --h. € = h. 8. = +h
1 p-1 0 o Ey s &= Bty
aend thege give the results for the « .

Jyl

Aioge

(b) If, alterzmatively, we use the SlopeSAi,A4 W’Ai L 5o WO
RN . "‘[.’_4
have, for i=3%,...,1n-1, the dusls to those in (z).

Sec Mpure 5.2.,2(L), We list these for roference,

—

R =W x X, A, .
(A =% 444 *°§,iAi~1 404,12

1,1 N% i

-4 i, 1~?

By = L0 /Ay + 0 o /85 o ¥% o785 015

r
i
I

vhere
dl,i = hi—l(h' )/[(h +h )(h 2+hi_1+ni)]
“a,i = hi(hi_2+qi_ )/ [(hi_l+hi)hi_2]

Ay g = =by ghi/ Dby oeby o +hyhy o1
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2¢5 lLxwlicit o(r ) condi bt ons

. . i . Iy . .
In the rational gquedratic, o(h'™y settings of the d, ~re not
1
. . L . .
required for 0(h") accuracy, but their usc is to be nratrerred
to the 0(h”) settings in the previous cection, since thoy wre,
in fact, symmetbrical foras about theo points % Tor d=2,.e.,n-2,

Ye obtain, for i=3,...,n-2:

(4., = o, A . +o. A, + O +
do=TL,i1,E-2 T 2,10 Dy j i %IPL i,dw2

_ ~ ,1 0(2,1 o,4 +yL
4= 08 = AT AT T

= /L% 3/ 5o *0% 5 /8y % Ayt A LT

{
oy
It

vhere

— - 8 L N L,

Nl,i = l lh (n +h.+l)/[(u +n_L lihi)(hi~2'ﬂi—l4ni ‘i+l)hi—23
- o ¥ ; (1 21 -4 n

i = By By shy ) Chy by G )/LCy g #hy ) (hy qohyohy 900y o

Op 3 = By g (nywhy )y by )/ Gy g ) (i o o sh by o]

- «h h. . ] h, _+h,+h, )L ]
= -k h'(51-2+h1—1)/[(h1 +11+ﬂ >(h +J¢»1qu h1+1’Li+r1‘

%, 1 i-171 :
Proorf:
‘he vo CS5 € = - h, . . I el J = .
The volucs 1 (11~£4n1—l)’ €, i t3 hl, (!¢*b¢+L)

-

give the four values of the &, 50 by application of equation (4%,1.2),

D4t Ixample, Hish order accuracy in the case of couol intervals

The arithumetic, geometric and harmonic approxinctions of

A

sections 5.2 and 5.,% give results which, in the specioel croze of

equal intervals, ere worth slating scparately. Again, we assunce

monotounic increasing data throughout, In the three methods below,

7,
. DN it e o et
the end conditions for dl and d_ are the 0(b7) sstiings of seclien
5.2(1). Tihe settings Tor dZ and dn—l are the ﬂ(h’) gotlings of

section 5,2.(1i). If any of the amproxisations obtcinced fron the

arithactic or heraonic foruulee are negative they rre roset to zoro,



Ve aloo note tuat there is the possibility of zoero or neor wero

For ¢, i=3,...,n~2, tho

Yy ~ A e i e ot b e
denendnavors on the horpsonic cetiings. i

use of oysmetric C(n ) approximctions dn prelerved, as given in
section 5.5,

Thug we have, for ecunl intervals:

Mothed 1 (1" setitings)

We set d :ifl (A A 7) +Al,h , 18 Al>0
C

bu.(,,[ WEIFSte:

(153, 00.,0=2)

L= A -~ A N ,))+A._ -
n n - n—l n,n=-2 nyn=-3

il
o~
C >

N

)

Moetliod 2 (Me" scottings)

We oot dl :{Gl E’(Al/Al,3>

2/3 1/6 ‘
ag=[Cy = Wy g )T Ay g ey 50 p) T A8 ok a0
i (j~::‘)" oo ,!’1-—2)

1/3 .
d 3{ Cpqz By Ay g noz) TBpp s A, 5 570
7

o
(]

i
(@

n

0 if A = 0.

5 .
d ::{G = (An—l/An,n—z?) An,n..j n,n-:2
I,n-2
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Mebhod ("I settings)
Ve set (Z l =1 /[,(A A -1 ] , 1810
1,370 1
V L ‘—. \1]_ O
~l —l -1 C o 1e
d,= { 1/[ Z(4] ,) +47 1, ii ipeds
Obx.\,J..,‘LSC
LY "“1 "‘_l "'1
. . - - ‘— - .
N 5 _,1/£ (ATT AT - AT ERCALYAIPSI

:{;z
O

otncr -.‘_1_.',3

L1 R
¢ oltlicrwise
[ = m, o o.. . [, P 1 ~
2e5 Test recultis ond discussion

7
Using O(h”) cnd conditicns Tor dys

1 <1LL 1.8
and  O{h*) conditions

3

. 1. - PO . 3 "
on the ewponentind

chzpters, to deterwine the order of
Takle $.5.1 shows the resvlts for the

horoonic explicit settings,

a
1
for d_i

furction (I

11."‘1

sit=D)
-1
IyIi-3

11

TA Jifru

I

]

3
o ox
IO ), a8 An

«rror of

T I S R
It

>0

L=b,eeyi=2, vo ¢

previc

-1

D

H.o»
1

i
4.

>0

AV

arithietic, goumob

L

-

]

(i:::f:', e, ,l’l*‘[',?)

o(n”) conditions for

By

Ty q m T ey ) W vy . _— - ) - : - ’_,
LT M Lrror I LYY ]ft._,. ’Lu. ror I, i /I‘ R /.l: s
Methed 1 2 3 5 VB T
(h=0,2) (h=C,1) (h=0.05) (h=0.025)
AL r Y7 NS R Z T - o
d; "4 50585107 L 352821077 1. 23530107 T LA LS5 %107 Y 1h. 30 15,00 e, o
settiings
g "‘l I3 -6 ...( e _(_'- o . ) o
a4 e 10363107 o 867761077 | 83292107 L 275631070 15, 25115, 05 15, 5
scttings
-6 . - . _o
"o h2s81077 | L2750 148515, e s, s

nﬂll

L 0724:22.0”

e

e

setiin

Table 5,5,.1

E = ”l

on exwvonential

rivative

r

coprosinatio
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G

table gives the wnifovs norvw arror “f

4
L

cach of the c¢h of h, :nd the rotizs of the

der of convergence, Ve should

[

P\

expected C

h VG

1
PRRTPS
fali

eiric hormonic "Otulﬂ"% Siven o

Hwom [o,1]
SrTOTS
noie

paller crror

for

ri tro

>y
M)

i §
O

than thoue wiith Lhe aritinotic seevting.  Our expiri-enbs ou Lho
proctiical duata cets below wonld gscenm te confivm bhot the geosciric
and hermonic choices of derivative scibings cre to be gencrolly
proferred,

v

(135

5 )

£

3

sets (12), Y, (Hk

e 41l
Pladi LRSS

Q'f‘ !

ILow coniie

19

(u()\ 0 T

3

e
(B

(Y, « ), ol

?

ividuslly,

i
~

Using the »AM, "E" and "IM setiings, we cen pro pormls tions
202,5, 202,% =2nd¢ 201.% million for tho year 19CH. Those volues o
in closed agrecment with our previcus fijures,
(E3) dute
The "." sottings for thi di give poor results; the ME" sotbtings
give only slishtly better resulis, Only the nin (cttiggs Tor tho 4
nroduce i acceptable curve,
(1) data

y a2tions for d are preforroid,

using the anproxin

nal distribution 7

Derivative gravhs of 1
the "HY settings wrovide the best curve,

(1 (;)) data

Only the “H" setiings give an acceptuble curve, i

an unwenied inflexion noint has occurred,

s

l

\
3

ction show that

ut oven herce

ol

N
i
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ACCURALE DERTVADPT Vi BSUTLATIOL FOR MOUQReia g

AT

RATGWGI AL wiUnDRATIC Inleds ObatiUne: AT TMPLTCTY [wiio]

Our purnose in this chapter in Lo consder rgain aata vivich A0

strictly incrensing, and tho wozsibility of cersrating o syoten

of eauntions for the d_3 whiich will lead to ~eccuinte nposivive

PR N [N S Try - - smmy, Ty o ERTP ; g p .
deriveative estinntes, Ve attenpt to nroduce tvo-tarn recurrence
.l

. 70 .
Liza the C7 concintency

schemaes by firet conoldering @ generalizaticn of

equuticns (L,1.2

6.1 CGoneraliscd cencistency ecuations

We gencralise cquations (4.1,2) to the Torm

di[—ci+pidi- +(p +q, ) d, +ny ¢+J , i=2,...,n-1, (6.1.1)

where

(6.1.2)

Sinrce the data are increasing, A i1 0, Ai> 0, and we take

A A A - .
ional prrometers, The spoclal case

c p. , Q. as irec, non-dimens

i
~ . . . N VO
0. =1 (i=2,...,n=1) gives the originesl C7 consistency

i
equations of Chapter 4. Solved by iteration, they

A A
C. = D. =
give positive

0(h5) estimates ¢ rore penerall hovever, we scek to exmmine
3 ! ’

io
Fa N ~ A -y 1 > 4 -y - .t - b2
different choices of Cis Pio Gy vhich avoid the dterative solution

of the cqouations while still prescrving the crder of accura

of the di. The error anzlysis of (6.1.1) is carried oul in &

similar manner to that for the €7 equations,
We define Ei by
(1)

(l) (l) " a(l) o C 5 "
[og+p; 03y +(py ey 087040y 5 ¥ ] = b ,is2,...,000

(C.1.2)
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Then we have the following two lemsas, leading

result, Theorem 6,1.1.

Lenna 6.1.1

7 and f(l)(x)7 0 on [xl,xn}. Let

Let feC" (Yl,-n

Py 5 952 0 and assume there exist di’ i=2y..0,n~1
(6.1.1). Then for sonc j, 2¢ j<€n-1,

(1) fél)lEﬁ1h
=650 @),
e/l - n,In
o« J

mwin and the de

[Xl,xn]

vhere m = f(l>(x)> 0 , h= max h_.L

seuned positive,

(E.1.L) is a:

 Proof:
and (6.,1.3) by f(l) and

‘Divide (6.1.1) by d,

[, g ({0003 + gy

whera A, = d.~f§l).
i )

Let i= j be chosen in (6.1.5) so that
IN. | = max In. ] = wox
7 2gien-1 1¢isn

no 0.

girnce X]: A

A1)
£y +|%j|

.
Then, since 0K f§*)+§j$ i

[bj/{_r§1)(f§1)+l>\j| o+ pyray My len

< B, +(n.
-~ <JJ

J

reducing to 1
it 4

iG]
(1) 0 ?
IZISEEN

lles

positive,

' A1)
+Aj/ﬂj)/lj

- the denoninnstor is

= <AJ".L/hJ"1
z 2ua/(h ”f<l)&g .

assusing
. (1)
OV b/r +
37
gives Lho

Conauinin, the 1-st two incguslitics

subtroct

+ q. A, = '7‘.—-1*.)\. -, N, 5.2
qu i lJ. LRe T R TS I

the main

. ()

D)
dy =077, =1 2,

1771
solislying

(6.1.1)

nominator in

Lo give
';>’.¢¢’1’E—l ((‘.

(6.1.6)

+pj’AJ—l| +qjlhj+l,
+Qjﬂhj| )

vosult (GLL.h)

1.5
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: VN R ;
whoro r, = (}1:, _1+13i) {1 +Gi ) -2}‘1_._ D, =20, : ? C.1.8)

A . R B o - G
Frou equatiorns (6.1.2), (6,1.3%) we Ting

B, A A= (wAaf A e & A%y el
By _q g b Ay = (B GA ey (8L LAD/E

>
~

.|

—

A IRPINE TN NIPOIN G
H(hy +h, G0, GAL -k DAL (0 e )=y g By (8

Miny I S P P X [P B P L I e et v e
On Che risbe ve wmoXke the Taylor oy ansicns

A I L@, L2 LG) L3 L, 3 ()

17 M S T, T Y s B e MR 1Y RO, I E IOV IR
A, = f(l>+
T
) () A2 L2 L)
L= 14 i-1ti R R

DI EO TN RN

e
1417 i it g

H

s (8D
vhere fi_-u

(5) R
i (Ai—()(lli_l), Qeotcl , cte,

e rosult of Lthese suvstitutions 40 (6.1.7).

L 30

Theoron §.1.1

N b - - iy mm et - e -~ L - R R 1 2o
With the rocuaptions of the Lwo lesnnts, 2d

’»E n . j_ N . - ’.\ (, - r\\
h o hj a; = a(hi_l+hi)(L%ci) (6.7..9)

(1)) pBK(h) ”f(l)@p (-
+ oan?/ | 1"(l )”w 17 (1)

then - l
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(W9}
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aolas for «ll d=1l,...,n; or

2
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1

l’
s“n O(hj) bound on nox ‘al (l)l o The sxplicit O(hf) end
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conditions of Chanter 5 provide suchh apunroxinatio
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In oddiiirn to (5.1,9) anl (6,2.10) Lthir Lhe eoudvyotont noon

. . . N 1,!. . N . ‘ .
Lo (C.1.12) veconns en O(R7) croovesoion,  This O(R") ooouit oo

. )
1. . o . . . e Bad - o~ (R ~ e e . -~ -
attodn:Wle only Tor the C7 apline schono

oA ~
e
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> 1
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vhoere B"L ::di +1 /P“ A_]{ 1-111/
2 . .
Oy =hily gy /gy #8/R)/(hy 40 )
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aveid the urce of dtecotion, They

Both (&) and (4i) ore new and
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Thus, o porturiotion din the dniticd cetting
as ve progreasa throush the rocurrerce to d

a

1

n-1°*

the bockrard recvrrence scheme & perturbation in @
1Imgrivied turoush to d,

6.3 Tuot results ongd discusasion

The above ¢fscussion on ctability sug easts thal th
of the recurrerco schene sheould te choren o otort
ith too o o vative velue,

It surpests ailso  that che forward recurrence nis

in regious where the chord gradien Ai decrenao,

dj 1 d‘i’ larse relative perturd 11‘1\)“”‘5({_2/(11[ DT

relotive cheng ,u]5d
“ia1

or increas.tigy

small

to The backwarua recurrencce

remorks are cvonfirumed 1P practice wWitn

conditions of scction 5.2.
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copecetively, For (MCj),

schenes, r [SRNE
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() de unontisfoctory in t
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L.la,tﬂl' 7

CTOTCITG

PURSTE T A Y

CONVEXLYY CONDITIONS 1'0R L i
RALTQL AL (UALRAYIC

corditions

* - R > -
‘:./Ou\; [SDCANE t‘,/

(xi,

£, (

daponds vially on i two rotios

[CISICRORN

intarpolant may on

X, o). i it haco
‘_L+_1_> IJ- 1 [

wple, convex,

rotics will need

T ]
2.01n80

Tne neut theorem makes the reles

1

Theoren 7,1,

A wonchonic dincrascing rational gquedratic

form (3,1.5) is convex in the interval [Y

172, («,

I 3
GG

clther:

L pe)
%Py e

or: o P& 2 and (X

where
o an - 4. /A,
o = d; /A, B 141/

Proof:
With the notation of equation (7.1.2), ve
in [\ 1] in the form

2 nlo Yo 2
A fo (1-8)7 +2e(l @) +6,6"}

ctional quodrati

A
di/;j

not, o

coricin dnegualit

tiaons

P

sroolint o

¢ int

SR L4L)

3 di*l/Ai y oce

3
Do

may have an

ad the dntorpelent

ites between tho

annune

irvelved procise

of the

internglont

it

-~
Ly

LY and only if

(7.1.1)

~1)2 1

(A,>0) (7.2.2)

can virite s(l)(x)

Aiqi(e) o

Y

s(l)(x) = R
{(1"9)2+(di+ pi)e(l-e)+92}L

differentiation gives, for [« 1% 1) o

ZAi'Ei(@)

(2 ()

.

_ 3
hi{Qi(G)}

vhere

H

{g,(e)}°

(7.1.3)



“Glm

£, = %Qi(@)qil)(ﬁ) - qi(@)Qil)(Q)
= {‘(1~@)2+(ai + 0. )e(1-6) + 9?}.{~ai(1—@)+ (1-70) + g0}
-{ui(ng)a +20(1-6) 4 piea}.{-2(1-9)+(ui - bi)(1~2@)4a9} .

We con o write this in the fornm

K ) > ho] e
HOWE A(L-037 + BO(1-0)%+ cli-0) +De° | (7.1.1)

where, wfter sone elgebra, we find

A = 1 —ul(&j_ + 6i "'1) 3

B (7.1.5)

: (2) . .
Kow, = (£)2> 0 throughout [Xi’xi+l] for a convex intervolant,

ol
Since s(“)(x) hzs Lhe come sigh as 61(9), a cotvex dnlersolent

] if znd only 4if tj(G)z O {for 211 020 < 1 ,

encicvion of (Y.1.4) zives Lthe result
ntiction of (7.1.4) zives the result

E§l>(e) = 30+ By - 2)q (8) (7.1.6)
vhere qi(@), Slven by (7.1.3), is non-nugative,

Wo.dcducc that Ei(@) in dncreasing if and only if ai+ pia 2 and
decreaning if and ounly if mi + pi5 2 .

But Ei(O) = A and &i(l) = D, Hence
s(2>(y)> 0 in{x ‘x ] if and only if
) 9%y 4q] AT and o ]

-either: cxi +pi>;2 snd A2 0

(7.1.7)

{ or ui+ﬁi$2 and D20

The theorem follovs from this and (7.1.5),
Corecllary: Fror each interval Ii = in’xi+l]’ o diugran of

Py

sce Figure 7.1.1., This zhows

against wi con be used to interpret the dneouslitiecs din (7.1.1),
the hynerbolas wilh equations

and lhe stroight line

B.= 1+ l/oii -HXi ond (Xi = 1 + 1/(3i - @i s

o+ fs o= 2. Tiese determine the region R,shaded in tne figure,



hUPEabDlﬂ
Po= 0+ “L o,

Provided only that the pair (o ,6.) = (d. A.) lJies din

g x (o5 ) = (/A . Ay 4 /A, ) Lies dn
the regien R, the internsolant detormined
(and nonotoric incressing).

Remurk

Fri{och snd Crvloon

The (W, ,p,) votation emanloyed here was used by
ivi

Chaproer 2), Thay doseribe

in cennexion with monotonic cubhics.(Sae

a‘morotonicity region S', in the first quedrant of thgﬂ.npj vlone,
1P

vhich irncludes an elliptical region, Our fconvexity regien HY for

rational cuadratics contrasts with Lhis and involves hyperbolac,

It is to be noted, once again, that the pairs \di,ﬁi), B

are not urrelated in the different intervals, wror, sincef ]:dj/ai 1

H - 10 hetrm < 1 ac ~t
and di = di/Ai, we have, in fact,
0(,: N A. A. L]
i pl—l( 1-1/ l)

tiven strictly increasing,convex data (O<:Al<fA2<...), a & rational

quadratic increasing interpolnnt; constructed as cescribod in

Chunter 4, 15 not necessarily itself convex, DBy referring to the

can see how this noy eacily ocuur. In terns

conve:ity region R, onc

N . . 1 . N . .
of the o, notalion introduced, the C7 consistency cquniions (h.1.1)

are
(L o+ 1wy mo) =gy} /by =gy = (2R =8, 0 /g s

i:':i?,.a.,n“‘l 'y



These

5 have a simple

See Figure Y.1,2.

Consider the veoints

fronm Oi—l

seometbtrical intorprotntion,

&©

grodeeat
¢

LY

2 —r o

P { . .
Proa (@ gobig)s Pilegapy) ¢

Ly a prejection using the lince of grodi

RN g
I o

and the consistoncy cguaticns give the result

where the point A on the hyperbola &= 1+ 1/P ~p ion the oo

1

abscissa asg vy

to lie

PiB/ni

point B on the hyperbola =1 + 1/X -
1]

o« Clearly, given

AP,

1e17Pi 1

b
i-1

helow the region R,

in tice convoewity reogio

Ty
e

Oraine

a sufficiently large value of the ratio hi/hi 1 (for exziale)

g o
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SHAPK=PRESERVIEG INDTHRUOLALTON

USTIG A Cl RAP‘(“"A.I. Cunie

(‘i‘

i

o

Earlier chapters showed how a numboer of rational: guadr

r.4

schemes could be used for Lhe construction of morobtonice

lnterislants to gilven monotonic data, Graphical resulls

10 sehiones are quite acceptoable, in genoral,
ases where dota in nleo convex,

urwanted inflexion points have occurred in thoe curves, Ag

exXplaincd in Chapler Y, an inflerion in tho interval EQL,Yj+l]

iz oroduced if the pair (d4d,/4A. ,d A les oulaide thic
234 c P ( l/ i l+J./ ) ) 3 S

cenvexity region R between two hyserbolas,

Thie clhapter develoss a C7 plecewise raticnal cuvic funciion

wiich solves the present problem. When cpsliecd to conver and/or

monovaric data, the rotional cubic schome will wreduce Lhe

reguires zhore-preserving inverwolent, Fartiher, it o of dntcrest

to note that the scheme containg as a svecial case the monotonic

rotionazl quadratic that we have beem congideriug thus far,

An error enzlysis 1s given wihich shows that the dntersciant

can be =uiliciently accurate,

8.1 The rotional cubic internolant

Data points (xi,fi), i=l,...,n are given, where 3 << ,..<x .

Fa

As slwayz, we let

= -
1+l i ?

h

A . .

(fl"l fl)/hl (8..L..L)
. 1 . v s

A piecewize raticnal cubic function s€C [xl,xn] is dofined

as follows (derived in a gimilar manncr to the rotionsl aquadratic

~

of Section %.1.)

If x¢ [xi’xi+l]’ let
(x=-%,)/by (8.1.2)



and

3 2 2 :

= . 8.1.3
1+ (ri—3)9(1-9) ( 3)

Here r, is a parameter for the interval (xi’xi+l’ to be chosen
s0 that

in order to ensure a strictly positive denominator in (8,1.3).
This choice of rational cubic form has the following interpolatory

proncrties:

s(Xy 9) = f549

’ S(l)(

i i?

wvhere the di denote derivative values at the points xi.

. Remark 1.
If the choice ri=3 is made, gﬂéﬁx(S.l.B) clearly reduces to the
standard cubic Hermite polynomial.‘ ' )
Also, a little algebraic simplification shows that the choice

ro= 1+ (dg+dg 0 )8 . (8.1.6)
reduces the rational cubic (8.1.3) td the quadratic form of

the previous chapters.

Remark 2.

The interpolant defines a non-linear operaﬁor, since the
poraneters ry will depend on the data; .However,.the interpolant
to the zero function is zero. Also, the interpolant to the data
K+ f, , i=k,..,n , vhere K is a constant, is K + s(x), provided

the r, are independent of such translations, and this will be so

for all the choices of ry that we present here,

L4
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8.2 Error bound analysis

An error bound for the rational cubic interpolant is given in

the next result. 1ts proof follows the same lines as that of

Theoremn 3.2.1.

Theorem 8.2.1

Let f¢ cu[xl,xn] and let s be the piecewise rational cubic
interpolant such that s(xi)= f; and s(l)(xi) = di’ izl,...,0,

Then for xcﬁﬁjxi+l]’
hi
lf(x)-S(X)ISE max{lkil ’ hi-’-l'}

+ —E—c—-—{hl} " f(l*)” (l"’lr -3 /4) ""-l-lr "3| (h3"f(3)" +3h2 “f(a)"i)}

. S0k
(8.2.1)
where :
%ig dy - fil) e MNa® Y fiii ’ (8.2.2)
and e mn
c; = {(1+ri)/4 if —1e r, <3
1 ifr>3 - | (8.2.3) -
with[l . Jly denoting the uniform norm on ;% 40 -
Proof:
on [x,,%;,1, let x(@)= x,+6h; , and F,(8)= £(x(6)).
Thgn | _
|f(x)-s(x)|=lr-(o)— P, (8)/0q, (0)]
In@g e -pg(0)| +[pz(e) P, (0)] ez

Tq, (o1

wnere we take
1 (1),,2 3
Pr(e) =f;(1-0) Fa(ry £y oy £1)0(1-0) %4 (ry £ oy 2570) 07 (L0041, 07

(8.2.5)

P{(O) is the qubic Hermite interpolant to Fi(G)Qi(O) on 0¢ 61 ,
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and
W4
¢
S 1 ()0 (©)
L T ,

dg‘

- . 1
SAEA wTE (Y e e oA
l}‘l((-w)«‘_l(")) JE(\-;)'\ ‘):\,} R4

AR

Cg@sl

1 I 7, N ) - “
I B LR I S I RIS B IY CONPSVA SN

Cse<l
since Qi(Q) is quanratic,

Now lQi(@”£3<+'lri~5]/M ’
1
o8 (@l iy -3
;¥ @)f=2lr -3 1,

IO OB I (3
and w7 (0ye md I8
Hence

v @rny o) —preod]e sl o0 e =21 e e O, -3

2 . O NI - o -
+12hif[i( g PRI PN

-

Also, using (6.2.2)

PE(R; - P6)| = [@ll-oyn [N o -(1-er 1],

1 o
€ gy max{IN LIy o0 (6.7.7)

Finally,

=

'QJ'\G)‘ = CL<Q) z { 1 if l‘iz,, )

1—(3~ri)/4 if =l<r<

(8.2.2)

Using inequalitics (8.2.6),(8.2.7,,8.2.8) in (£.2.4), ve obtzin

the rooult in the theoren.

COroiiary C.2.1

Let xe [Xi ’Xi'*l] s

. 2 ' Vd . -
(l) Ir >‘_L = O(lli> ’ hi"‘l:: O(hl) ana l’i-») ez O(h:l)’

then lf(x)—s(z)i = G(hi) .
=S - 713 —_ 3 - - - 7 N?
(_‘.l) If )\l = O(hl> N )l ks O(hi) and li—) = (\(hl) s

then [I(x)-2(x)] = G(hg) .
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Idcally, therefore, ry should be such that ri-j = o(hi) , for
i=l,...,n-1. In the next two sections, where we consider
monotonic data and convex data, we show how ri-3 can be chosen,
with this optimal O(ha) accuracy, so that the interpolant which

results conforms to the shape of thé data.

8.3 Shape Preserving Interpolation: Monotonic Data

Viithout loss of generality, we take the monotonic data to be

!
increasing, so that

Ai>/ 0 » i=l’.-o,n—l . (8.3.1)
For = monotonic increasing interpolant s(x), itnis necessary

that

di? 0 3 i:'l,..»-’n 3 (80302)

and it is necessary and sufficient that

s(l)(x); 0, for all xcExl,xn] . (8.3.3)

Now let xeﬁgl,xi+1J. A differentiation of (8.1.3) yields the form
b3 cena2(r_ay2 o3 vk .
dy 0+ @6 (1-0) "+p; 9 (1-8)° + 7;6(1-6) + di(l 0) (8.5.1)

s yy = L N
[L + (ry-3)0(1-0)]
where o, = 2(ryd; -d,)
By = (£243)8, —r (4, )
vy = 2(ra; =d 5) (8.3.5)
Thus sufficient conditions for monotonicity on [xi,xi+1] are |
% 20, pi},o s Y4%0 - (8.3.6)
where the necesssry conditions d,2 0, dy 4 >0 are assumed,
If Ai> O then a sufficient condition for (8.3.6) is
ry» (di+di+l)/'Ai (8.3.7)

If, in pqrticular,

r, =1+ (di+di+l)/Ai ’

i
then the rational quadratic form (3.1.5) results, for which diz 0

and d 5 0 are necéssary and sufficient conditions for a monotonic
' i41 “ ' ‘

‘increasing interpolant,
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Clearly, if A 4=0, then dj=0 = di+l and s(x)= £, = fi4q 15 2
1.

i+
Theorem 8.2.1 and its corollary show that, if the choice

constant on [xl X.

1= 1#(d;+d; ) /A, 16 made, then the optimal 0(h*) bound on
the interpolation error can be achleved if di and di 4 are chosen
.
with O(h3) accuracy. This follows from the fact that
2z _ 2
T35 = 4h )8 + o)) .

5.4 Shape~Preserving Interpolation: Convex data

We assume strictly convex data; that is;

Ai'—l< Ai 3 1:2,...,11—1 (801{“1)

To have a convex interpolant s(x) and to avoid the possibility

of s(x) having utra¢ ght line segments, it is nccessary that the

di.parameters should satisfy

dl< Al< d2< ...<Ai l< di< i(..'<dn (8.’{‘02)

‘Now s(x) is convex if and only if

(2)(x)> 0 for all xc[xl,x ] (8.4,.3)

For x¢€ [Xi’xi+1] » we shall have, after some algebraic

nanipulation, the result »

2 [ 6 + p,06%(1-0) +7,0(1-0)2 + §,(1-0)]

52 (- 2 (8.4.)
B L. (r,-3)0(1-0)]°
vhere
g = ry(dy g=Ay) =dy gy Hy o
By = 3(dy9-44) : ‘
vy = 34 - dy) o
(8.4.5)

Si = ri(Ai -di)-di""l + di o

Yence, from (8.4.4), necessary conditions for convexity are

. &30 and 8,30 . (8.4.6)
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These conditions, together with inequalitieé (8.4.2), are also

sufficient, since we have pi>-0 and T4>0 1in (8.4.14).

Thus, from (8.4.6), we have the condition that the interpolant

is convex if and only if
~-d, d -d

~ d.
1 i i+1 i ‘
r.z max{ LY ’
1 di+l—Ai ’ Ai" di} ’
=1 + Mi/mi ’ (80’4’07)
vhere
m, = min {di+l-Ai, Ai-di} , ' (8.4.8)

and the necessary conditions (8.4.2) are assumed.-
We have found two choices of ry which satisfy (8.4.7) and produce
pleasing graphical results. They are:

2 + ui/m. . (8.4.9)

rl
4.

r, = 1+ M./m + m, /M

1

1+(d,

i+l 1
the latter being the smaller value,

We can justify the use of either (8.4.9) or (8.4.10) by
Theoren 8.2.1 and 1tc corollary. For, suppose \ i-fil,)_o(hi)

(1) -
and \. 1= Y-8 _O(h ). Then, for (8.4.9), r, ~3 M /mi-l

= 0(h;) and, for (8.4.10), r 3 =3= (M /m; =1) /(Mi/m )= o(h ).
Therefore, in practice, the value of ri_in (8.4.10) is to be
sreferred, since the coptinzal O(hh) bound on the interpolation
error can be achieved if 0(h3) derivative values are given.
Reiiark ' .
Strictly convex data are assumed in the above discussion,
Otherwvise, if 8y 1= Ai , then we must have di l_d di+l Ai .

Cn the interval [y 1% 41 0 the rational cubic then reduces, as would

be expected, t6- s(x)= (1-€)f, + of, 4 °

Evidently, there is a similar result on the interval [xi_l,xi].
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o =
] ooy om - !
0.5 Shoge Proscrving Intorool-tion: Convesr ond Mepotosic

v . ) , . L .
Vhen the given a=zta are both noliotenic Lncrossins smd soriclly
convax, Lne derivatives di pmuct satisdy the Lrnegnclitics

OS Q_j_< Al < d2< .. .<Ai-—l< (]_.L< Ai< PO, < (fn

Any convex ipnterpolant willd then be nonolonic, =ince we hrve

o]
snd olao dl; 0, s(“)(x)a,o .

The convex interpolation wothod of Uhe proeviouvs swction 1o
therefore also suituble for the interuolation of convex npd
monotonic data, & reesult cenfirned by the foet Lhat L4l /ros

101

c ey (s 4 T S S oL Aty e 41y~ e s
(di+l+di)/éi tor ugta satiofying (5.5.1). Dous ihe convoxiily

<

“ <y

condition (8.4.7) sulfices to ensurs that the menotondcl

PR .. . [a] - Kl ] .
cendition (8.%.7) is saticfied,

Jo should note thot if the dnta is convex out not ctrictly

(RS

convex, then the interpolant cinm produce giral cht ddene (fnd

.6 rumeric al ffsultﬂ and Glecussion

In using thoe rationszd cubic schenc, the derivetiven di novelly
have to bhe estimated from the data points, and they rust satiadly

4 . . o . P
inequalities (8.4.2). For thc convex internolation probleum, O(h7)

arithuetic mean scttings for dj will be suitable (i=l,...,n).
O(hd) geometric mean settings are su itable for the intcrpolaiion
convoX,

of monotonic data and also of monotonic data which is

Anplication of the rational cubic scheme was made to the three

sets of data (1Cl), (MC3),(Cl).

values of r, given by the synmetrical forns of
. i

In cach case the
equation (8./4,10) hqve been used, and all the graphs arc convexX,

-

the possibility of inflexion points appearing anywhere nhaving
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been eliminsted by choice of the Xy
.- - ‘s e . .
On (LCL) and (NIC3), vositive O0(h™) geouetric settings for di
2 e . o
werc used, but on (Cl) 0O(h7) arithuictic scttings verce nore
appreonsriate since the data here is not nonctonic,

There are few data points in (3C1l), so we have & {airly cevere

%)

test of the rational cubic schewce here, particulsrly since the

derivatives arce estimasted for the data. Tiven 1f cxacl derivatives

had becn uced, the rational interpolants on the sublricrvals
3

. R R . . : L - .
cannot be czpected to reproduce the function 1/, becouae of

the non-lingar nature of the interpelation method,

It is of dinterest to coupure the present graphs with ithose froo

v
(& e I T 3 omem s v,
Chemes alresay dravin. Tae

s . . 1
the rational gusdratic €7 and €7 sck

cconvexitly constraint on a rational cubic eliuinates unnccoessary

inf#lexion points oxn cenvexr data, vhoeroeacs

only uaintalins menctenicitly and infloiicn po

1,
I

cccuy in the proaphs.
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Chapter 9

[ e BRGNSV

A C2 RLVIQHAL CUUIC COHVEX INDERPOLANT

FOR COLVEX DATA

m. s T U SN . D - )
Lais concluding chspver extends iie theory of Choniter § by

. ~ . 3 > ')
consicuring Lhe possibility of constructing a C™ rat ol culic

spline iriorsolant for data ziven {o e convex

)
9.1 C cons'sierc. equations, Choicc of parnueters r.

A <A < ,,, <A : ©.1.1)

Ve recall eguations (&€.1.3),(8.3.4),(8. 4. 4) wkich zive

a(x), s(l)(x), s(a)(x) in a rational cuvic

CXPreost uns

LS

iniLerpolont, Tuese expressions contain a parcumcter r, for

i bt odinservel [ , 1+l , and r. uust be chosen to satisiy

i
iaequaliiy (l.5hL.7) in ovder to obtain o convex laberpolant,

i,(’; C..GLCL
P

1t (d;,=6,)/(8 -d, ) +(8, -d, /{4y 4-4;) (9.1.2)

ie o

to sivld pleasing results, Hovever, is Qhapter §, ithe
v Pal - A 1
were ohly of c¢lass C,

was o celn
inverpoicatls consiyr cted

For o C2 itiorpolant, we reguire, for i=2,...,n-1,

s(a)(xi+) = 8(2)(Xi_) .

(3.4.4) and the corresponding result for the interval

[xi 1,}:,]z;i‘is egualily translates to
I AR
i i-1

ih L ¢ noiavio. of section 8.b.

oo NERN
Liln aved

o

1 .
{ rl(A -d )~ dl+l dl} = *;:i{ ri-l(ai"Ai»l)_di+di-l} 1

b Fol
1

i=2,.0.,0-1 (G.1.3)
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We choose dl< Al and dn?Ari-l . for the end conditions, and
try to solve the equations (9.1.3) using the values of ry given
in (9.1.2). When these substitutions are made, the following

systen of non-linear equations in the derivatives will result:

L2 2
(A.-d,) (da,-4, .) _
A L i = 2 l-l 9 i=2’o..,n"l . (9-1.1*)
hy(dyp=43) By (84 5-d5) A | :

In the next section we shall show that these equations have a
solution satisfying the necessary conditions for convexity,
namely,

Fu}ther, we show that such a solution is unique,.

9.2 Solution or the consistency equativus

The existence of a solution to equations (9.1.4) depends on the
result of the following lenma.

Lemnz 9.2.1

Let I = [aj,b] x ... x[a_,0 lc B* and G = (6y,...,G)) be a

continuous mapping, G: I —1I. |
Then there exists Ei:(fl,...,§n)€ I such that
E = (k) ’ .

that is’ Ei = 1(§1>’000’§n) 'Y i=l,....,11 )
or, § is a fixed point of the napping G.
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Reuark

Lemma 9.2.1 is a particular example of Schauder's ¥ixed Point

Theoren.

Theorem 9.2.1 (Existence)

A solution of the congistency equations (9.1.4) exists satisf{ying

the necessary convexity conditions (9.1.5).

Proof:

From (9.1.4),

)
A=~ dy n, ‘% 3
i (i)(lﬂ. i ) g2, el
(d3-8; 7)) "Byg Mya-di

~herc positive square roots are taken, consistent with the

condgitions (9.1.5).

Hence, | .

1 ' 1
d.{n? (A, .-a, )Zsh(d, . -8;)F}o4 nd %
;40 (A, i—-l) l(di+l Ai) }-Aih?ll (Ai_Idi_l)+Ai_1h'3(di+l-di)%;
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i.e.,
a,(d, .) +4 (d, ..)
i i -1 -1 1 .
di= l l l+l ; l=2’ooc,n“l E] (9.2.1)
25 (d;_ 1)+ Pyldiy)
vhere )
1 1.

a;(d; ;)=h% J(A; -4, )%, b (q, +1)—h‘(d1+1 )7 (9.2.2)

Define

51 = dy. (constant)

§n= d (constant) (9.2.3)

end for © = (%, ,...,% ), define @ = (G,yee.,G ) by
2 n-1 - 2 n-l

L A, a, (&, ) + A (E )
6 (8) =22 2=l d-1 3 3L 5o nl (9.2.8)
a; (€, 1) +b ALY
vhere \ \ :
%y (x) = h%_l(Ai_l~x)E » by(x)= gf(i-Ai)% . (9.2.7)

The values dl’d are given end conditions chosen so that
%fAl’ %fﬂll;
Clearly, if &4, ;< € <4, ,1_2,...,n-1 then a (Ei 1)? 0 and
bi(§ y» 0, and hence, from (9 2 L),

a

11¢ G4 . . -

In other words, G maps I= (Al,Aa)x...x( ne 2, ) to itself,
We note, here, that I is the cartesian product of open intervals,
To nake use of the previcus lemma, it is necessary fof the constituent

intervals to be closcd., We now show that we can produce a map from

(A, +€,8_ -€lx ... x[ln_afi,ﬁn_l-il to itself, when €30 is chosen to
be sufiiciently small.,

Scz Figure 9.2.1. .

LT 1t et 2]
'-'ED:A,O Y% 1; ‘8 Ai" '{f A An-v =EO-A"
1

Fis":.oﬁozolt

For obvious reasons, we begin by restricting € such that

o<ec< e

vhere % = min{ min #(4;-4, ,), 4,-dy,d -4 .} (9.2.6)
2¢i¢n-1

.
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Let B cld, ,+€,8 -t} tor 211 im0, 0o,

A CoA 1 .
! B ] T .
(90’)-

h‘“ i:‘ 5 bj_ (gi .{'l) S h.i (Aj 'l"l..Ai ) - - Yo v ’1""'.1.

e oh-ll orrensgt Lo Love

Ai-—-l+£ < G’l (_E_)é Ai ~& Tor all 1=2,.,..,0-1,

bt Lo vriting, for i=R,...,0-1,

i"(gi—l) e
LTI DAL O D I

~a

5 .L”j ) . I) (€_< +~! ) N (y . :“' ()
(E 1) +1 (El'{'] )

R U PR PV SV Ny . 3 14
FUN L O LN W ORCINSTO R PRSR S MENS 61 (‘J.«;z.u) ve obboin

. -
,, ) ne z
o, (8 '_1) 5 €

A\
i

1

.

. ) ,Zz ..' 4
4. ( 1+l 1"3‘_..1(A:L- 4 .p) il

a
. yhs

£ idendi 3
ZSiSn«.'I:.h‘j:‘ A A )“Z' F«,'?:'(,3‘ AYE it (A A )’1'-:-1 T A J
i (A, 1~ el TRV TR ST H I R B 05 By i)

A = a (freou (9.2.7)), ono the indoial

tont G oneps [A +€, 6 »E], .,.,[A +t,A_,1 1-—’5]
— Ji=1

Yiems

~analionLion of Leame 9.2.1 now shows thot the selutios to (9.7.04)

corveity conciiions (9,1,9),

ezi-ts, chdel ootdoofioen
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T
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PRI
GOt

Ty oy O
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or thr concislonsy cquati ng (9,0.0) Lo

inounioue,

sre soluilcns d1 ge0e,C

1.2

the consictuncy cgartions, wvhers -
d.<wA < d <A < < d .<A <
11 2 a2t o -1 dn ?
c.<A < ¢o. <A v < € <f < ¢
11 2 2 ° n=1 el n
ana e, =d, , e =d_  ~ore finced end
171 nTn
Vie shevw thot it ds i to .
Without loss of geucrnlity, agsune thnt
]
G, > €, W
Wo ma'te Uhe felliowir:, oubotitotions:
A g A
Ll &% o= - = C
171 i1 ¢
A -A =c -A _ =t
N el n rn-l ¢
and
3
.
Ve note ol
i,
Sco Fligur
The tvo oryotens of consintency ecuntions nre, in thin
2 2 o 2 a 2
b. i ag b 2
2 1 5 & I v
Eoa., 7 hoc ? lia., h.b, > ha, ~ h-b, ?°*°
272 1 B 2 Lh o5
s el ~ s 2 2 b
= & - - et - -
=~ R ; B A B
. T . . =
hoA, 7 hoc ? hoA, T h.,p h A, ~ h,p. ’>°°°" ?h et
) - . S5 "
1 3 o) 272 li’ 1+ 2o Ll

Cqpeees?

0)

(2.2.1

Aﬂ - .‘9
h [
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The assumption d2> e, is equivalent to the rair of inequalities

ay > Al B > b We will show this will' imply
d3 <63, dl{. >el+, d5< es Exxs

or, equivalently,

(A and b3>B ),(a}»A3 and B’+>bl+), (A4>al+ and b 5),... (9.2.13)
Hence the equality dnzen is eventually contradlcted. : R
To this end, let P(m) denote, for me N¥, the statement:

_ 2n-2 2m-1 . 22m-3 22m—4
B (e (= e
3o bom Aom-a 82}
2m 2m=2

Zm—l '- .2 .Zam-s' 3
(j =(bam+1§ , (j (j ...(ﬁa.) (fi) (9.2.10)
A2m+l B2m+l Aom A2m-- %2 Al

We use induction to showv P(m) is true.

' 2, \2 '
From (9.2.12), by division, 2 -_-(ES) (f‘_l_) , and
: 3 \byf Ay |
2, by, b b3, 2
G G - BT
A3 B2 B3 ay B3 a, Al

on substituting for Ba/b2 froti the previous step. Hence P(1l) holds.

We prove P(m)=P(m+l). From (9.2.12) by division
2l 2n 2n+l on+l

A X (B 2B 2 a
( 2m+2\§ =( 2m+1) ) ( 22.1-!-2) . ( 2n+l ’
Aon+2 LP—l Poman Aspaa
5 22m4:l . 3, 221:1-1 A ‘ 3.22111-2 A 3, 2
= ( Zhl-l-a) . ( Zm"'l) R ( 2m) Xl (_%} (_;:]J:_) ’
05042 Aoy Bom as) \.

on subgstituting for Bzm+l/b2m+1 usin_g the inductive hypothesis,

Also, from (9.2.12) by division,

2n+l 2m+l 2m+2 2m+2
(?2r1+3)2 = (b2m+2)2 . (b2m+§) (Aam+a) ,
Bonss  Bopee Bon+3 Bom+2
2m+2 2m 2.?.m--l A 5
= bamz)a . (Azmz)’ - (a2m+1)3' ( _2_)3 (@ :
B2m+3 Bom+2 A2m+l & .
on substitufing for b2n+2/B2m+2 f‘rom the previous step of this

calculation, Thus P(m) implies P(m+l) and hence by induction equations

(9.2.14) hold. The assumption a>A s Bz>b‘ (equivalent to dz> e.z)
now allows us to conclude that (9.2.13) is true, lcading to the

..



ction d _# e . Thus eymdy and by recursion o=l ied, .. .gn.

Hence tbm is alt nost once solution dﬁ,...dp 1 cebisfying the
a8 o=t '

contradi
convexity conditions (9.1.5).

9.7% Nurcrical zmoluticn, The thecorclical and pracvicel Giffieuliin

In the previous seccticns of this chapter woe fermulated » wcet of

consintency equations for a rational cubic conven suline, having

1 3
N

a uniqus golution for the derivatives dy in thue 2llowed Antervels:

Ai—l< Q’<Ai y 1=2,...,0-1, We assuac dl(Al end dn>An~l cre given
as end conditions,
of Ltha

The censistescy equations, (9.1.4),, aroze throush the uze o

naraacters T, = 1+ d -A. A, -d, )+(A, ~d, d, .- in the rationa
( 1)/( i 1) ( il 1)/( 14l Ai) - ¢+ rational
cubic, Hewever, these cquations present us wilth a nuuher of

difficulties, both theoretical and practicnl,

Thoeoretical provlens

4 satisfoctory error bound analysis has not, oo far,

The analysis is nore complicated than thel of the rationnal guadretic

;e 1 .

and an uener bound for uax ld —»g )fcannot at wresent, be given,
2$isn=-1

Also, no centraciion man could pe discovered which provices a basis

for an iteration method for solving the consisltency eguations,

Thus, it has not been found possible to prove, for exennle, that

either a Jacobi or Gauss-seidel type of iteration, bascd on (9.2,1),

actuslly converges (though in practice they often do).

Practical probklens

From the existence and uniqueness proof it is almost evident that

there will be problems of finding d nunerically when lhe derivatives
have values close to the ends of their allewed intervals:Ai_l<dieéi .

Also, if uscd as a recursive system, the equations (9.1.4) show a

maried instability when n is large. This is evident from the dnduction

argument given above, Further, numerical exverimentation shows that
there exist many solutions of the consistency equations which give

rise to non-convex curves, even though there iy only one urique



~114-

solution giving a convex curve.

A method of solution ( n not large)

The details given in the uniqueness w»roof sugoest a noosible
procedure for ettempting fo obtain the requirced 50Lution and  Lhus

the unigue convex interpolant, This proccdure relics on the relation-
ghip discovoered Letween the set di and the asococliated sot ey ol the

rrocf of Tncorem 9.,2.2.; see Flgure 9,32.1,

dz CL’& C{n ( ) v
*~ et ey + vty o I even
M gy 5 &Y ) A . N @
4, dma, 40 YA A, &) 4

\ d -
‘1(u 3 et (k) n odd
O A O R T

. . n
f1g.9.5.1,

- P et depy vy 3 - . BT S oAy
Ve usc the connistency equations as o recursive system, ond

consider da as a variable which requires doterninaticn. Ve seel

1 2 1 2)
, naucly dé ), dg ), such hut41<d( ) G, < d( ‘<4

[ f- [

V)

two velues of dq

,.\

. . . , E [ s 4 .o
an¢ vhich lead, via the gystem, to values dé ), dé 2 on either oide

. - - . 1 2)
of the truc value dn. If n iz even, ve rog uxleﬁ. lcd( ) <d < dg“’;

(d) d < d(l wther,ve wust

o
o
C*
(XN
h
=
e
o

cdd,we requi rcA

i ) dg“) for cach of i=3%,,..,n-1 rexcin in
o vy L2
o alloved intorvals:é, 1! (2ica,
the alloved intervals Ai—l‘ a0 d.:L
dsl), dz(z) iz nade, Unfortnnately, one
2 ;
1)

3
Lo the presence of unwanted solutions, the valucs of dé” , déL) or

egnsurc that the valu

[

A gsearch for sulteble values

likely to be very c¢lose. A bipary search wethod in the interval
[Al,AZ] can be uscd to lecate a value u( )An a sl intervel with

) point d Folloving that, & value d
{1 d(a) and he

Using tne wvoalues ds7

g (1) 4@ L ot soeonch way 97 wce, e
CCrL‘C&)’)()nuliiS Vﬂluef; n y d-n 3y © S2ClnT ‘O(\va IR gy RS u~.>(4(~, Sl Ok

after o Tow itorations gives d, correspording to tuc correct vilue 4,

AN

to the deunnied acocuracy.
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On the data sets of our cxperizonts, the nothod works roiely weldl,

Je have taken Jdote sots (LCL), ( %), anid bave Jousd toot e bine oy
searcia is not slow, the nuisher of iterations in cnald (9,12 rospocbe
ively) «ad the graphs are culte zcceptorble,  Too nwioer of dote cointe
in eech case if, of course, relatively wsacll,

in the order of

An cxperiment dis nade on the set (1C2) to aszcertaln

convergence (as sona in the other chanters). With a uwniiore =0, 2,

]

i
-; 3
-

. 1 PP, -5 v )
wve have found mox l ( ) l 0.281355x10 7 snd with h=C,L, v
28 en=-1

o £y P 4‘(l> AgARcE 3 EPIPS A Yy e
have found 1A £ -—d_.' 0.16555x10 . Thne ratic ol thene

. i i,

2eign~l

errors gives 16,

07 inaicaotin O(h*) convergzence, However, with h=(,00

" (when the nuaber of points is 21) the proposcd in
o search Tor c"( L 6‘2(2) cue Lo instebildity du
.fehults ara avallable,

ies incdicate that furiher study of tho counsistoney

hese ¢ifficuliie

3

-

cquations is nceded, with the object of I[inddng

method for which cenvergence is guarnnteed,
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CONCLUSIONS

We have been concerped in this thesino wvith o vericly of noihods

ior eolving to o large extent the problen of chape-preserving

interpolation, Ve have been lcd to consider the specicl crues

of monotonic ond convex cata, ~nd the possibilitly of cifecting

the dinterpolation by ueans of pieccuwise defined rutional
flucncing

quadratic cnd cuble functions., An dwumpertant lactor inf

) cnd
the rcceptance or otlierwisc of a psrticular rationnl schene 1o
the order of accuracy of the resulting interpolant, which i
deterained in part by the accuracy ¢f the cerivatives d_,L st
krnots. Thelr doter ation has been achicved by both erplict
and diaplicit meons, There exists a choico
ic and raticnnl cublce schemes, and one balwsen providing

i
c » C7 interpolants. In the fclloving reunnrks we sttempt to

guide the reader into naiing a specific decision regording this

choicc,
zgest that rationel quadratic schemes should bo vsed

1
sct i sinply monotonic. For « C

Thus, we sug

winencver the data interpolant,

2 s s . .
any of three O0(h™) explicitly evaluated derivative setlings for

reasonably sccurate results quickly,

di may he used Lo wrovid

In particular, experisents indicate that geometric or harmonic

rmean approxiations are to be preferred, If greater accurscy is

jos

required, we sug.est the two=term recurrence relations betwea

derivotives aond the averaging procedurs, using O(hB) cnd conditions,
These are vasy te apnly, c¢o not nced itcrstion and give »esults

154

which ore probably marginally better than those vherce use da nade

of vxnlicit C(nB) crivatives., When strictly sounotonic data 1o
ven, we vould propose a € rational quadratic soline intorpol-nt

dtio. ave Lo e ostiszated fron

vhen end conditious have te be cslina

P

]

in .ost cnomnles, wnd,
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the data, the geometric or hzrwonic O(h®) ond condltions nny

preve suflicient,
By centrast, thoe rationzl cubic interpoletion schine §0 mors

ata 15 denendont on the choico

anprepriate Tor use on econvex data, Tt

of a parsmetcr set ri. Yaen the date s not sleo nonctonie, the

2 . . - . L . .
O(h™) arithuctic explicit settings Gi togetber with uitobly

from them should give goed

calculnted values of ri deterninced
1. . . i e g 2 i s
C” interpoluonts, To give zsatiafactory C7 s»lince interpolants

1

we have to

seelz a solution to & s2t of non-linear ccuntions in

the derdvatives vhich iz not easy to solve nusacrically. A

Le

numerically cfficient procedurd for colving them hes yet to

found, using un iteration vhich can be proved theorcilically anc

practically to be cenvergent., Furiiicr work will show

is achievable, and it might then be posasible to investijate the

o)

problem of nroviding o spling solution vhen Lhe dota i comiposo

of o union of convex and concave piscng, This remdins an

vuliinate objective,
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APPENDIX AL

The BIRNSTAIN wolynonials and WEIERSTRASS's Aporoximation Theoren

Let £:[0,11+R be continuous on [0,13.
Define the sequence of BERNSTEIN polynomials (Bn(f;G)),

depending on f, by
noo. .
ky .k -
B (£;0)=2 ()15 0°(1-0)"  (n=1,2,...)
- k=0 : .

The VERTWRSTRASS ipproximation Taeorcn 'Latcu ‘that for all €>0,
there exists nO(E) such that

|t(e) -B (£;6)|l<€ , for all mzn_ , all 02051,
For a proof of this theorem and properties of ilhe volynomials
B. in the approximation of functions, referencec may be made to
Chapter VI of [6]
Exanple: f: [0,1}>R, f£(e) =6 - F] . We coupute Py e es B,

associated with this function,

B,(£;0) = £(0)(1-6) +i(1l)e = z
B,(£;0) = £(0)(1-0)%+ 22()6(1-0)41(1)6% = 1{(1-0) %+ 1-0(1-0)
Bs(f;e) = E ,(1;0) may be checked

B, (f;8) = £(0)(1- e)4+4f( Lye(1l- G)3+6i(»)9 (1-8) +4f(“)99(i 9>+f(1)e*

it

3{(1-0) "+ 6%} + 0(1-6) { (1-0)7+6"}
3 - o(1-8){1+6(1-0)}

]

and Bg(1;6) = B,(f;0) may De checked.,

Figure A.l,1 shows the manner in which Bl""’B5 progressively

approxinate f,

k Vol

tfa | .

!

B,_: B; 1

i

1

Yy !

RYATY t

F t B"-: Bg i

: & ]
0 - - vy O

Fig.A.1.1
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APPENDIX A.2

PEANQO's Kernel Thecorem

Let L: Cn"'l[a,b]-rR be defined as

L(£) =jb{ 8, (0 1(x) 42, (D )+ e (02 () } ax

a
z
(1) 2‘ (n)
+k;o akof(xko)+ K=o aklf (xkl)+ = oaknf (xkn)’
where ay (x) are functions assumed piecewise continuous on [a,b],
a; 4 are constants, and the values X4 4 belong to [a,b]l . Then
"L is a linear functional (since L(Nf+pg) =«L(f)+ pL(g) , for all

®,p€R and £, g€ ¢®*Lra,b3).

PEANO's Kernel Theorem states that:

-~

Ilf, for all polynomials p of degree at most n, L(p):» 0, then

for any fe¢ Cmi[a,b] R

il

L(f)= j MLk ey at 7 ihere k(1) = 3 L [(x-t)3] ,
‘a '

in which.
(x—t)x_: =.‘.(x--t;)‘n if x3 t.
' 0 if xec¢t

and I‘x neans L is applied to its argument considered as a

function of x.

Corollary: |
If the Kernel, K(t), maintains a constant sign in astgb, then

L(f) = ___SﬂL( n-l-l , for some ¥ € (a,b).
(n+1)! : |

For a proof of the theorem and ite consequences, consult, for

instance; Chapter III in [6] .
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Example 1
If fec?[0,1],then L(f) = £(1)-£¢0)- £17(3) = £$3) () 24,
vhere § € (0,1) .
Proof:
If = p,, an arbitrary quadratic, L(p2)= 0, but if f:ps, an

arbitrary cubic, L(p3) #IO. A
By the theorem, K(t) =3, L, [(x-)2 2= z 5 {(1- t) (-t i -2(3-t), }

= 3 { (1-t)%-(2-2t), }
= 3t% if t¢i
{%_(1-4:)2 if t>3 .
Now K(t)2 0 for all O ¢t <1 ., Hence by the corollary, for some

§e(0»l).

(3) ey
L(£) = ————L—lL(XB LBl 52 = 13wy .

Examgle 2
Ir fe C*[0,11 , then L(f)

In:

‘ |
fr0ax - g0k BP0~ 1P

1% (€) /720, for some 5€(0,1) .

Proof:

If f=p P3» an arbitrary cubic, L(P3)= 0, but if f=p4’ an' arbitrary

quartic, L(p#)ﬁ 0.

The theorem gives

’ '
K(t) = 3L, [x-)3] = g{j;,(x-t)zdx “#((=t)3+(1-0)D) R (-0 210D }

- z{-u-w‘*- 31-6>+ $1-0)%}

1
5—( )
Thus K(t)a 0 throughout 0 ¢t<1, 80 by the corollary,

) L) Wy
L(f)= ———IéELL(X ) = —ELT(E)'{B' - '}'1" 12. "l")} = _725_1; ;G(O:l).
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APPENDIX A3

Useful Expansions

oo . . .
Let fe¢ C(kl,xn] interpolate the data (Xi’fi)’l:lﬁg”"’n and
let A Ai P be as defined under the section hcaded Notation,
b
The follovwing Taylor expansions may be writien down:

For i:l,z,,,,,n-—l’

8,28, .= f§l)+ hi.(fia)/a)+h§.(f£3)/6)+hg.(f§4)/24>+..,(A.}.l)

Won, (i 2y o6y (oW 2. (as.2)

FOI‘ i-_l’o.n ,n"2

Ay 4=t ety (el 2y rn 22T 6 (he5.3)

FOI‘ i:},.o.’n

(2) 2y 4(n, o, 2082 6y (aus)

A - £ _n, -

. . h f
i=2,1 i j-2* 1 l)(
. r R .

When fe C [xl,xn], finite expansions are taken, If r= 4, for

exaxnple, equation (A.3.1) would be used as

A = f(l) (f(a)/£)+ h (f(j)/6)+ h3 (fU’r) /&L})

i+

where f( i is an abbreviation for f(q)(x +uh ), and O<X <1,

A proof of (A.3.2) vwould nroceed thus: 2)
T

(
R e

Byop = (0g=fy )/ = -0 oyhy et 172 T

) N4

b=

(1) (2)
= £ =ny 4. (£57772) +...

An exauple

(1) (l+h /h5) (~h,/h,)
If £;77> 0, A1>0 , Al,3>0’ then d,=4, Al,3 1772
approxinates f{l) to O(ha) accuracy.
ey 1 Qo)) [ Dsgy o L (=h, /n,)
1 b 2 l+h./h 1 l 2 - h.
ay={r{eny - s0(ud)} /M) {23 e (upen ) d-v0((ny 4n)®) )T R
therefore (2) (2)

£ ~h, /h
l/f(l) {1*h1“”T1)+O( 1)}(1+hl/h2) {1+(hl+h2)~—§l)+o((hl+h?) )}( By /i)
Jffz)/f§1)+ooh}

={1 +¥L(l+%LAE?‘?f§2)/f§l)+O(h )}{1-(h1/h2)(hl+h2)'2

=1 + O(hz).
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