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Three-dimensional multi-level heat transfer model of silica aerogel
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Abstract In this paper, a 3-D multi-level heat transfer model is developed in consideration of the tortuous
path of heat conduction in solid skeleton and the fractal characteristic of silica aerogel. The heat conduction
is analyzed for both the secondary particle model and the cluster model. The expression of effective thermal
conductivity of a multi-level model is derived. The theoretical predictions from the proposed multi-level
model are compared with three sets of experimental data with different densities and porosities. The results
from the proposed model show good agreement with the experimental data.
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1. Introduction

Silica aerogel has extraordinary properties
resulting from its highly porous nanostructure
such as low density, high porosity, large
specific surface area and ultralow thermal
conductivity. In particular, the low thermal
conductivity characteristic of such aerogel has
led to great interest in this material as a
lightweight thermal insulator. Its
microstructure can be partially controlled in
producing process, which makes the study of
relation between structural parameters and its
effective thermal conductivity significant
(Zeng et al., 1995).

Silica aerogel is known to exhibit a low
density nanoscale pearl-necklace structure that
consists of tangled strands of roughly spherical
particles as shown in Fig.1 (Moner-Girona et
al.,, 2003). These particles may themselves
exhibit complex internal structure, and are
usually considered to contain smaller spheres
of bulk amorphous silica.

Fig. 1. SM and TEictures of siica aerogels (oner-
Girona et al., 2003).

It is usually assumed that the medium has a
periodic structure, and a unit cell or
representative cell is often chosen for such a
study. Based on this idea, different unit cell
models to determine the effective thermal
conductivity of such nanoporous media with
periodic structures were developed (e.g. Zeng
et al., 1995; Wei et al., 2011). Most recently, a
great deal of attention has been given to the
disordered nature of the micropores inside the
secondary particles and the tortuous path of
heat conduction in solid skeleton. A 3-D
random nanoparticle aggregate structure was
improved (Zhao et al., 2012) However, few
note the influence of the tortuous path of heat
conduction in solid skeleton. The tortuosity of
the heat transfer path suggests that the fractal


mailto:hetsroni@tx.technion.ac.il
mailto:lizengy@mail.xjtu.edu.cn

theory may be used to predict properties of the
nanoporous medium (e.g. Katz et al.,1985; Yu
et al., 2002). In a recent paper, fractal model
for the effective thermal conductivity of
bidispersed porous media is developed and has
shown good agreement with experimental data
(Yuetal., 2002).

In this paper, in order to provide a
microscopic understanding of the thermal
behavior of silica aerogel, and to provide a
predictive tool in the further development, we
have constructed a multi-level model for
amorphous silica aerogel. Diffusion-Limited
Cluster Aggregation (DLCA) method is
adopted to simulate the random secondary-
nanoparticle aggregation structure and provide
main structural parameters for the multi-level
model. Furthermore, the predicted values are
compared with three sets of experimental data
and validated by further prediction of the

effective thermal conductivity of silica aerogel.

2. Microstructure and fractal description of
silica aerogel

The measure of a fractal object, M (L), is
governed by the scale L through a scaling law
in the form of (Mandelbrot et al., 1982)

M (L)~ L™ (1)

The geometry structures such as Sierpinski
gasket, Sierpinski carpet, and Koch curve are
the examples of the exact self-similar fractals,
which exhibit the self-similarity over an
infinite range of length scales. However, the
exactly self-similar fractals in a global sense
are rare in nature. Although many objects
found in nature (such as the coast lines of
islands) are not exactly self-similar, they are
statistically self-similar. These objects exhibit
the self-similarity in some average sense and
over a certain local range of length scales L.

Silica aerogel typically exhibits a complex
structure; the smallest feature is a ‘primary’
particle of amorphous silica, typically 1-5nm
in diameter. The primary particles aggregate to
form ‘secondary’ particles, typically an order
of magnitude larger, and these, in turn, form
pearl-necklace structures whose details depend
on the density (Fig.2, Good, 2006). There are
two types of pores: pores between primary
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particles inside a secondary particle and pores
between secondary particles inside a cluster.
Both types of pores form irregular and
tortuous pore channels. A cluster with various
pore sizes can be considered as a bundle of
tortuous capillary tubes with variable cross
sectional areas, with diameter and tortuous
length (actual length) being dy, and L(dy),
respectively.

primary particle

secondary particle

Fig. 2. Nanoparticle aggregation structure of silica
aerogel.

Above all, the aerogel appears to exhibit
fractal dimensionality, at least over a small
length scales. The fractal dimension Ds used in
this paper is referred to both the statistical and
the exact fractals (Feder, 1988).

The total number N of channel pathways
should follow the following scaling law

Qe |
N(Ldemin):( gp ] (2)
where, dp, dy min @and d, max are the pore size,
minimum and maximum size of pore. Dy is the
area fractal dimension of a cross section
normal to the heat flow direction.

Differentiating Eq. (2) results in the number
of pores whose sizes are within the
infinitesimal range between d,, and (d, + d dy),

—dN =D,d® d > Jad, 3)

The negative sign in Eq. (3) implies that the
pore (or chain) number decreases with the
increase of pore (or chain) size.

The relation among the fractal dimension,
porosity and scale for self-similarity in porous
media has been derived analytically referring
to the study of Yu and Li, 2001. The relation is
given by




D, =d— 'g ¢
pmax
where, d is the Euclidean dimension, d=2 and
3 in the two- and three- dimension spaces
respectively. ¢ is the porosity of the porous
media.

A simple geometry model for tortuosity of
flow path in porous media also has been
proposed referring to the study of Yu and Li,
2004. The model is expressed as a function of
porosity and there is no empirical constant in
the model. The real tortuosity can be obtained
by average over all possible configurations for
flow path in porous media. The averaged
tortuosity is thus given by

Toy :%[1+%\/1—_(p+\/1—_¢
x\/(ll\/g—l)z +£11/(1— 1—¢)}

And the tortuosity fractal dimension is
expressed as

b S 7 D 1o
dpmin CIpmin 42— Df @
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where, Lo is the representative length.

3. DLCA simulation of structure of silica
aerogel

Silica aerogel structure is obtained via sol-
gel technique and the supercritical drying.
DLCA occurs when there are negligible
repulsive forces between the colloid particles,
causing particles to stick upon contact and
form highly tenuous structures (Good, 2006).
We make use of off-lattice DLCA to simulate
the random secondary-nanoparticle
aggregation in the aerogel formation process.

At beginning, a certain number of particles
determined by the porosity are inserted at
random off-lattice points in the simulation
region. Then, a picked particle or cluster
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moves with a small distance in a random
direction. Whether the collision with other
particles or clusters occurs depends on the
movement. If it happens, the collision will
cause the aggregation of a bigger cluster
particles or clusters. If not, another particle or
cluster will be chosen and moves. The process
will repeat until all the particles merge into
one cluster (Jullien et al., 1997).

4. 3D multi-level model for effective thermal
conductivity of silica aerogel

Silica aerogel can be treated isotropically
from macro perspectives although the micro
structure is disorder. Generally, there only
exists large temperature difference in one
direction in actual working atmosphere. Thus,
one-dimensional heat transfer model is often
used to obtain the effective thermal
conductivity of a certain material in most
theoretical or experimental studies. In order to
predict its thermal insulation performance, we
have constructed a multi-level model for
amorphous silica aerogel.

4.1 Effective thermal conductivity of the
secondary particle

Since the sizes of primary particles are
much smaller than that of the secondary
particles or clusters, the effective thermal
conductivity is an average quantity and not all
aspects of the random microstructure need be
induced to obtain the average thermal
conductivity. For the purpose of the
preliminary work, on the basis of the unit cell
analysis, for simplicity, a secondary particle is
considered as a periodical array of the unit cell
which represents the main characteristics of
the real structure of the primary particle. Here,
we propose intersecting square rods as the unit
cell model as shown in Fig.3 referring to the
study of Zeng, Hunt and Grief, 1995.

We further suppose heat conduction is one
dimensional in this model for the model is
symmetric in the plane perpendicular to heat
transfer direction.

0, =| 83+38 (dyo—a,) |/ d3s =372 275 (8)
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Fig. 3. The simplified model of a secondary particle (a) the packing structural pattern of unit cell models,(b) unit cell
model of intersecting square rods,(c) the cross-section view for the unit cell model.

Yar =8/ dy (9)
where, ¢ is the porosity of the secondary
particle, y,, represents the geometric length
scale ratio, ap represents the pore size inside
a unit cell model and dyo is the length of the
unit cell model.

The effective thermal conductivity of the
secondary particle ke is then equal to

k.o = > Q/(ATd,) (10)

Q =k, ATa; /d (11)

Q, = 4kAT[(d,,—a,)/2] /d, (12)

, =2ATa,(d ,—a,)/| (d ,—a,)/k,

Q, = 2ATa (dyo — ) /[ (dy0 -3 )
+a, /K, |

where, Qi represents heat transferred through
the vertical rods; Q, represents heat transferred
from the horizontal rods at the bottom through
the gas to the horizontal rods at the top; Qs
represents heat transferred by the gas inside
the unit cell. kg is the gaseous thermal
conductivity in aerogels, ksis the solid thermal
conductivity in the nano-rods. Since ks is not
easy to measure, we often replace ks with the
bulk thermal conductivity kyyk, 1.34W/m K, to
simplify the calculation. The small pore sizes
greatly restrict the motion of gas molecules
and hence reduce the gaseous conduction. The

gaseous thermal conductivity within nano-pore

is given by Eq.(14) (Zeng et al., 1995).
B 60.22x10° pT *°¢,

® 0.255p0,¢. " +4.01x10° pT*

where, p is the ambient pressure (bar), T is the
ambient temperature, p, is the aerogel density
and S is the specific surface area. The specific
surface area is expressed as
2 2
S _6(ds-2) za") (15)
pad po
4.2 Effective thermal conductivity of silica
aerogel
We ignore the small-scale structure of the
secondary particles and assume that the
aerogel is formed by the larger-scale particles
(secondary particles) by particle agglomeration.
Then the effective thermal conductivity of the
secondary particle, ke takes place of the solid
thermal conductivity of the secondary particles
or clusters.

(14)
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Fig. 4. Side view of structure of secondary particle
aggregation and typical chain of secondary particles.

It can be seen from Fig.4 that in the
structure of silica aerogel, some secondary
particles contact each other to form chains
whereas others do not concluded in any chain.
These two configurations of secondary
particles in the medium should be included in
the model. Fig.4 shows the schematic of a
chain of secondary particles with a total length
of L(dp) that is greater than Lo, the
representative length.

We refer to a mixed chain consisting of
secondary particles and the gas enclosing these
particles. In reality, the cross section of the
chain may not be circular in shape, and the
area and shape of cross section of each mixed
chain may be different. We assume that the
area distribution of cross section of mixed
chains follows the same fractal power law as
in Eg. (3).

We also assume in this model heat
conduction is one-dimensional and that the
heat flow lines approximately follow the
chains. The effective thermal conductivity of
the mixed chains and nontouching particles
can be expressed as

_A A
ke - A |(e,n +(1 A j ke,mc (16)

where, A is the total area of a representative
cross section, and A, is an equivalent area of a
cross section which has the same porosity as
the nontouching secondary particles.

For the effective thermal conductivity of
three dimensional nontouching secondary
particles, the expression is obtained referring
to the study of Hsu, Cheng and Wong, 1995 as

4th Micro and Nano Flows Conference
UCL, London, UK, 7-10 September 2014

e =k | 1-(1-0)" |
kg (1_¢)2/3
+(1/ -1)(1-9)"

The model in Fig.4 is adopted for the mixed
chain in the direction perpendicular to the heat
flow which only takes contact resistance
between two adjacent secondary particles into
consideration.

The thermal resistance of a unit cell of a
secondary particle (shown in Fig. 5) which
formed the chain is expressed as

Bk 1k, 1)

R -1 Va
) 2kg(1—}/;1)+ke’07/;1

(1- 7a)7; ]

(18)
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Fig. 5. Secondary particle- secondary particle system.

where,y, =1/a, y,=ald; and y =c/I

the geometric length scale ratio and contact
length scale ratio at the microscale within a
chain, respectively.

p=1-[(1-372)72+377 |1-0.) (19
where, ¢ is the porosity of the secondary-
particle aggregate structure generated by
DLCA.

To obtain the value of y, in Egs. (18) and
(19), we refer to Fig. 6. Note that the porosity
within a cluster is given by
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Fig. 6. A simplified cross section of a mixed chain of
secondary particle.




p=(d2-a’*+a’p,)/d (20)

vo=ald,=\1-9)/(1-¢,)  (21)
For a mixed chain of a length L(dy), the
thermal resistance can be obtained as

d
R. =—L‘( ) R, (22)
a
Eqg. (3) shows that in the interval d, and d, +
ddp, there are the parallel chains of (—dN).
Then the total resistance of the mixed chains in
the computational domain is expressed a

1N ’
Rmc RC ( )
We obtain the effective thermal

conductivity of the parallel chains in the
computational domain by inserting Eg. (2), (3)
and (20) into Eq. (23):

ko 1
eme A Rmc
-1
:drz)max dpmax or Df
A Lo 1+ D; - Dy
Va/Va' (24)

2kg (1_7;1)+ke,c7’;1

(1_7a)
kg (1= 7278 172+ ket 272 1 72
where, dpmaleA is the ratio of the maximum
area of cross section of a mixed chain to the

representative area A, and dymax/Lo is the ratio
of the maximum diameter of cross section of a

+

(a) (b)
Fig. 7. Secondary particle distribution in the computational domain for different density and porosity.
(@) p=89%, p, = 110 kg/m?; (b) ¢=83.5%, p, = 240 kg/m® (c) p=95%, p, = 114 kg/m".
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mixed chain to the representative length Lo
along the heat flow direction.

Because the microstructure of silica aerogel
is very complex, the ratios dymax/dpmin, An/A,
dpmax/A, domax/Lo and . cannot be determined

analytically, we give these values by empirical
estimation and statistical results of structure
generated by DLCA.

5. Results and discussion

The measured porosity of silica aerogel is
usually obtained by
Py =1—,0a /ps (25)
The relation among the porosity of the
secondary particle, the porosity of the
secondary-particle  aggregation and the
measured porosity of silica aerogel is
expressed as
2. =(p.—0)/(1-9) (26)
In order to prove the feasibility of the
multi-level  heat transfer  model, the
comparison between the present results and
three sets of experimental data from Zeng et
al.(1995), Zhang et al.(2013) and Wei et al.
(2011) are shown in Fig.8, Fig.9 and Fig.10.
For comparing the effective thermal
conductivity obtained by the multi-level model
with available experimental data, we generated
three sets of structures by DLCA as shown in
Fig.7. The structural parameters are listed in
Table 1.

(©)
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Tablel Structural parameters for modell, model2 and model3.

model Porosity pOfO;%;ErDeLCA ?Ifg;snl% omax/Domin~ AdA  domex /A oL 7
model1 for Zeng 0.94 0.890 110 1/0.100 02  0.055 010 0.30
model2 for Zhang 0.89 0.835 240 1/0.070 03  0.095 020 0.40
model3 for Wei 0.95 0.900 114 1/0.085 0.2 0.066 010 0.37

oo Figs.8, 9 and 10 show the comparisons

0014 2 between the experimental data and the results

o] o Experiments fiom Zeng et aL(1995) of the multi-level model under different

2 pressures at ambient temperature. The three
f 0.010 ’ figures show the same change trend. The value
= 0,008 . of the thermal conductivity contains three parts:

solid thermal conductivity, gaseous thermal

0.008 - . conductivity and radiation thermal

ool ® ’ conductivity. The radiation can be ignored at

: - 3 J ambient temperature and the solid thermal
10° 107 10

p/Pa

Fig. 8. Comparison between the effective thermal

conductivities of the multi-level model and Zeng’s
experimental data.
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Fig. 9. Comparison between the effective thermal
conductivities of the multi-level model and Zhang’s
experimental data.
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Fig. 10. Comparison among the effective thermal
conductivities of the multi-level model, Wei’s model
and Zhao’s model.

conductivity keeps constant although the
pressure changes. When the pressure is low
(<10 pa), the heat transfer from gas can be
ignored because the motions of gas molecules
are constrained remarkably. As the pressure
increases, the mean free path of gas molecules
decrease and the restrictions of solid skeleton
are reduced. Thus, we can see that the total
thermal conductivity increases with the
increasing pressure. The comparisons indicate
that the validity of the present model for that it
gives almost the same satisfactory results with
the deviation within 19.8% in the tested
pressure range.

The precision of a model can be reflected
from the predicted results at low pressure. For
earlier existing heat transfer models, main
concerns are given to the heat transfer
mechanism of solid skeleton and the couple
effect between gas and solid particles. Fig.10
also shows the comparison among results from
the present model, results referring to the
model of Zhao et al. (2012) and Wei et al.
(2011). Because more details are considered, it
is found that the present model agrees better
than other theoretical models for the entire
tested pressure range, especially at low
pressure.

Finally, the 3D multi-level model is proved
to be more realistic for the random or
disordered nanoporous media. This is because
nanoporous media such as silica aerogel



consisting of uniform particles or regular
structure are rarely found in nature. This paper
presents a systematic analysis of the effective
thermal conductivity of silica aerogel.
However, the present model is more complex
compared with the conventional method of
unit cell analysis for the estimation of the
parameters such as Ay/A, dpmax’/A and domax/Lo
is not easy.

6. Conclusion

This paper has derived a 3D multi-level
model based on the fractal characteristics of
the microstructures of silica aerogel and on the
electrical analogy technique. The proposed 3D
multi-level model is a function of the
tortuosity fractal dimension, area fractal
dimension, porosity, ratios of areas, length
scale, and contact length. The 3D multi-level
model is compared with three sets of
experimental data and other models. The
results show good agreements. The 3D multi-
level model may be particularly useful for the
random nanoporous media with nonuniform
particles or clusters.

Note that we have assumed one-dimensional
heat conduction in the unit cell, and the heat
flow lines approximately follow the chains for
simplicity purposes in this paper. In reality, the
lateral heat conduction, that s, two-
dimensional heat conduction should be
considered for a better modeling. And the size
effect of the solid thermal conductivity is
neglected in the present work. These aspects
will be considered in our future work.
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